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Abstract

Many–Body Perturbation Theory is put to test as the future method
for reliable calculations on few electron quantum dots. As starting
points for the perturbation theory a variable exchange Local Den-
sity Approximation method and a variable exchange Hartree–Fock
method are tested. The second–order results are compared with
Configuration Interaction calculations and with experiments. The
model potential used is a two dimensional harmonic oscillator and
the possibility to include effects of an external magnetic field applied
perpendicular to the dot plane is included. Material parameters for
GaAs are used.

With confining potential strengths ≥ 5 meV second–order corre-
lation is shown to include most physically interesting effects of the
first two shells (N ≤ 6). For weaker potential strengths and/or
larger particle numbers spin contamination becomes an increasing
problem with the Hartree–Fock starting point. Here a method that
includes correlation beyond second order is necessary.
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Chapter 1

Introduction

1.1 General introduction to the subject

Since the beginning of the 1990’s a new field has developed on the border be-
tween solid state, condensed matter and atomic physics. The possibility to
confine a small and controllable number of electrons in tunable electrostatic po-
tentials inside semi–conductor materials has been vastly explored in this new
field nowadays known as quantum dot physics. The interest for quantum dots
is mainly motivated by the fact that they can be used as building blocks for the
construction of nano–electronic devices, in the future possibly even as q-bits [1]
i.e. the essential part of quantum computers.

But let us start at the beginning. Why use the term dots? Of course these
man–made constructions cannot really be zero dimensional in the normal sense
of the word. Consider the cartoon in figure 1.1 1. Here the left column illustrate
respective confinement arrangement, with the blue color (lighter shade of gray
if not printed in color) defining the confined electron gas and the red color
(darker shade of gray) defining bulk crystal. In the right column the respective
density of states versus energy plots are sketched. Starting from the upper
panel that displays a three dimensional crystal containing a three dimensional
electron gas (3DEG). Here the density of states as function of the energy is
continuous following the customary free electron gas model [3]. Moving down
one panel in some way the electron gas becomes confined extensively in one
direction. This means that the free electron gas model no longer is valid in this
direction, hence here the electron gas is two dimensional (2DEG). The density
of states versus energy plot is no longer continuous over the whole spectrum due
to that the electron gas2 has become quantized in the confined direction which
implies the step–function in figure 1.1. Continuing with the quantum wire the
electron gas is here confined in two out of the three directions. Hence even fever
states are accessible in this one dimensional electron gas (1DEG). Finally, in the
lowest panel, the electron gas is confined in all directions and the free electron
gas model is no longer valid. The electron gas is said to be zero dimensional
(0DEG). The spectrum is now fully quantized and we say that a quantum dot

1The figure is based on figure 10 from the Nobel lecture of Zhores I. Alferov [2]. Also see
Britney Spears’ Guide to Semiconductor Physics, Density of States:
http://britneyspears.ac/physics/dos/dos.htm

2To be more specific, its energy.

5



6 Introduction

Figure 1.1: A cartoon illustrating the transition from the three dimensional elec-
tron gas (3DEG) down all the way to the quantum dot with the in between steps
of the 2DEG and the quantum wire. The left column illustrates the confinement
arrangement in each step, with the red color (darker shade of gray if not printed
in color) defining bulk crystal and the blue color defining the electron gas. In
the right panels the density of states versus energy plots for each confinement
arrangement are sketched.

has been formed.
So how does one construct a quantum dot? I will not in any way try to

make a complete description of the very refined and complicated experimental
techniques. Instead a very brief and schematic description of one chosen ex-
perimental setup will be given from a theorist’s simplified point of view. For
more on experimental techniques see e.g. ref. [4]. Schematically the cartoon
in figure 1.2 shows an experimental setup of a so called vertical quantum dot.
The dot consists of several layers of different semi–conductor materials. It is in
the GaAs layer squeezed in–between the AlGaAs layers where the actual dot is
located. AlGaAs and GaAs have different Fermi energies, with AlGaAs having
the slightly higher one, and therefore the conduction band electrons will expe-
rience these layers as a very sharp quantum well in the vertical direction. In
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the horizontal–plane still the conduction band electrons can move freely. By
applying a voltage over the side gates these electrons will experience a poten-
tial in the dot plane. The bottom electrode is here n-doped which allows for
tunneling of conduction band electrons from this layer into the dot. The tunnel-
ing is achieved by varying a voltage applied over the top and bottom electrode
and/or by varying the side gate voltage, in this way changing the electrostatic
background. See e.g. [5] for a more correct and detailed description of a vertical
quantum dot experiment.

Figure 1.2: A schematic picture of a so called vertical quantum dot. The figure
is not in scale.

In the beginning quantum dots contained several hundred electrons making
comparison with true quantum mechanical calculations hard. It was not until
the experiment by Tarucha et al. in 1996 [6] the few electron regime was reached
in a setup resembling the one in figure 1.2. Their experimental technique was so
refined that they could start with zero electrons in the confining potential and
then they could add a single electron at a time. They, in principle, measured the
current over the top and bottom electrodes as a function of the gate voltage.
From this they got sharp current peaks indicating electron tunneling events.
These peaks were not equidistant indicating that the energy it costs to inject
an electron into the dot (chemical potential) varies with the particle number.
Through this procedure they for the first time experimentally showed the shell–
structure in quantum dots with magic numbers at N = 2, 6, 12. Moreover,



8 Introduction

they explored the rich spectrum that appears when a quantum dot is put in an
external magnetic field. The similarities between quantum dots and atoms3 is
the reason why quantum dots sometimes are referred to as artificial atoms.

This experimental work by Tarucha et al. resulted in an explosion of the-
oretical works on few electron quantum dots. For a review of the theoretical
efforts until a couple of years ago see Reimann and Manninen [4]. Most theo-
retical studies have used a two dimensional harmonic oscillator as the confining
potential. This choice was motivated by a study done by Kumar et al. [7] in
1990 using self-consistent combined Hartree and Poisson solutions. They showed
that the 2D harmonic oscillator potential is a good first approximation, at least
for few electrons. Theoretically the shell structure was seen as peaks in the so
called addition energy spectra. For the two dimensional harmonic oscillator it
showed closed shells at N = 2, 6, 12, 20, . . ., see e.g. [8–10], in agreement with
what Tarucha et al. had seen in their experiment [6]. Therefore the 2D harmonic
oscillator has become the standard choice for the confining potential. Still, this
is indeed an approximation and some efforts have been made to use a more
realistic description of the whole physical situation, see e.g. [7, 11–14].

If one assumes a simplified view of the confining potential, theoretical quan-
tum dot physics is mainly concerned with accounting for the electron–electron
interaction in the correct way. Most calculations done on quantum dots have
been performed within the framework of Density Functional Theory (DFT), see
e.g. [13–17], but also Hartree–Fock (HF) [18–20], Quantum Monte Carlo meth-
ods [21,22] and Configuration Interaction (CI) [23–25] studies have been carried
out.

The DFT–studies have been very successful. DFT obviously accounts for
a substantial part of the electron-electron interaction. It is relatively easy to
implement and it is not computationally heavy. The method would be perfect
if there was a way to systematically improve the calculations or to a priori
estimate the size of the neglected effects, but there is no such method (at least
not yet), see section 2.2.2.

For a small number of electrons the CI-approach can produce virtually exact
results, provided of course that the basis set describes the physical space well
enough. The size of the full CI problem grows, however, very fast with the
number of electrons making the method unsuitable for N > 6 [23] with really
good convergence only achieved for even fewer particles.

With this background it is clear that one should search for a many-body
method which introduces only well defined approximations and which allows for
a priori estimates of the neglected contributions. The long tradition of accurate
calculations in atomic physics has shown that Many-Body Perturbation Theory
(MBPT) has these properties [26]. The method is in principle exact, and it
is applicable to any realistic4 number of electrons. Moreover the introduced
approximations are precisely defined. With MBPT it is possible to start from
a good, or even reasonable, description of the physical situation in the artificial
atom and then refine this starting point in a controlled and iterative way.

Except from our article I, we are only aware of one study on quantum dots
that have been done with MBPT, the one by Sloggett and Sushkov [10]. They
did second–order correlation calculations on circular and elliptical dots in an

3E.g. the existence of shell structure, state splitting in external magnetic fields etc.
4For vertical quantum dots that is.
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environment free of external fields.

1.2 About this thesis and the attached articles

This thesis is mainly based on the attached article I: Many–Body perturbation
theory calculations on circular GaAs quantum dots. The goal of that article
was to examine if MBPT could be a useful method for calculations on quantum
dots. To do this we developed a code for calculation of second order Many–
Body perturbation theory on top of some chosen mean field method using a 2D
harmonic oscillator as the confining potential with the possibility to switch on
and off an external magnetic field perpendicular to the dot plane. The tested
mean field models included a variable exchange Local Density Approximation
(LDA) and a variable exchange Hartree–Fock. For the case of two confined
electrons a Configuration Interaction code was developed mainly to test the
performance of the second order MBPT calculations. All of these methods are
described in detail in chapter 2. The main results from the calculations in article
I are discussed in chapter 3.

A quantum dot molecule is essentially two or more coupled single quantum
dots, e.g. two or more coupled harmonic oscillators. In article II, Structure of
lateral two electron quantum dot molecules in electromagnetic fields, a collabo-
ration with the atomic physics group at the University of Bergen, the electronic
structure of a two electron double quantum dot is explored with and without
external electromagnetic fields. For more on quantum dot molecules see e.g. [4].
Our contribution to this work was mainly to use the CI–code developed for ar-
ticle I in the limit where the distance between the dots equaled zero. That is
our CI–calculations worked as a validation of the methods developed in Bergen
for the special case of a single quantum dot. We also contributed to the analysis
and interpretation of the results from their calculations. The double dot model
potential, its one–electron groundstate and its first excited state, are plotted in
figure 1.3 below.



10 Introduction

−60 −40 −20 0 20 40 60
0

0.05

0.1

0.15

0.2

0.25

Inter dot coordinate [nm]

E
ne

rg
y 

an
d 

P
ro

ba
bi

lit
y 

de
ns

ity
 [a

.u
]

double−dot potential
ground state
first excited state

Figure 1.3: The double dot toy–model potential with a confinement strength (see
attached article II for the expression of the confining potential) of 3 meV which
yields a barrier height of about 2.5 meV when we use material parameters of
GaAs. The one–electron ground state and first excited states are plotted.



Chapter 2

Theory

The active electrons in a quantum dot belong to the conduction band of the
semi–conductor [4]. Furthermore, the typical extent of the wave functions is of
the order of 10nm, which is about 100 times larger than the typical extent of
an atom. Therefore the effects from the underlying lattice and the interaction
with the electrons from the valence and core bands are taken into account by
the so called effective mass approximation [3]. To be more specific, the effective
mass, m∗, is used instead of the electron mass me and the dielectric constant
ε0 is scaled with the relative dielectric constant εr. Throughout this thesis the
bulk values of the material parameters for GaAs are used with m∗ = 0.067me

and εr = 12.4.

2.1 One–particle Model

To physically describe the electronic situation inside the dot we start with the
description of one trapped electron. The Hamiltonian for a single electron con-
fined in a two dimensional harmonic oscillator with an external homogeneous
magnetic field B applied perpendicular to the dot plane reads

ĥs =
1

2m∗

(
∂2

∂r2
+
L̂2

z

r2

)
+

1
2
m∗ω2

0r
2 +

e2

8m∗B
2r2 +

e

2m∗BL̂z + g∗µbBŜz, (2.1)

where ~ω0 is the confinement strength1 and g∗ = −0.44 is the effective g-
factor of GaAs. For a derivation of the kinetic part of the above equation
see Appendix A.1 and for the magnetic field dependence see appendix A.2.
The radial solutions to the field independent part of equation (2.1) are Hermite
polynomials, as explained in many quantum mechanics textbooks, see e.g. [27].

Here, instead of directly using Hermite polynomials we find numerical solu-
tions. The solutions to eq. (2.1) separate in polar coordinates (r, φ) as

|Ψnm`ms
〉 = |unm`ms

(r)〉|eim`φ〉|ms〉. (2.2)

The radial functions we expand in so called B-splines, Bi, with coefficients ci as

|unm`ms(r)〉 =
∑
i=1

ci|Bi(r)〉. (2.3)

1Also called potential strength, oscillator strength etc.

11
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Figure 2.1: The real part of some chosen wave functions to the field independent
two dimensional harmonic oscillator. The respective wave function is labeled
according to the notation |nm`〉.

B-splines are piecewise polynomials defined on a so called knot sequence and
they form a complete set in the space defined by the knot sequence and the
polynomial order. For details concerning B-splines see appendix B and Ref. [28].
For a review of the use of B–splines in atomic and molecular physics see Ref. [29].

We continue by using (2.3) in (2.2) and operating with the Hamilton operator
(2.1) from the left. Subsequently we multiply with the B–spline basis set and
integrate. Hereby the matrix equation

Hc = εBc (2.4)

is formed with Hji = 〈Bje
imθ|ĥs|Bie

imθ〉 and Bji = 〈Bj |Bi〉 2. For an ex-
plicit expression of the matrix element Hji see appendix A.1. The integrals in
(2.4) are calculated with Gaussian quadrature and since B-splines are piecewise
polynomials this implies that essentially no numerical error is produced in the
integration.

Equation (2.4) is a generalized eigenvalue problem that can be solved with
standard numerical routines. Doing this yields radial wave functions which in
the numerical box and for lower energies coincide with the Hermite polynomials.

2Note that 〈Bj |Bi〉 6= δji in general since B–splines of order larger than one in general are
non–orthogonal.



2.1 One–particle Model 13

0 1 2 3 4 5 6 7 8 9 10
0

1

2

3

4

5

6

7

8

ε 
/ ε

0 

B [T]

Figure 2.2: The one particle energies as functions of the magnetic field with
ε0 = ~ω0 = 3 meV. All states with quantum nr:s in the intervals n = [0, 3],
m` = [−10, 10] and ms = [− 1

2 ,
1
2 ] have been plotted. The states with spin down

(up) have been plotted with full (dashed) lines.

The higher lying states are unphysical and are mainly determined by the size of
the box. They are, however, still essential for the completeness of the basis set.

The eigenenergies to the pure 2D harmonic oscillator are well known and
can be written as

εnm`
= (2n+ |m`|+ 1)~ω0, (2.5)

yielding an equidistant energy spectrum with higher and higher degeneracy as
the energy increases. That is, the ground state will be |nm`〉 = |0 0〉 with the
energy ~ω0, the first excited states will be |0 ±1〉 with the energy 2~ω0, the
second excited states will be |1 0〉 and |0 ±2〉 with the energy 3~ω0 and so on.
The real parts of some chosen wave functions are plotted in figure 2.1.

Furthermore, when a magnetic field is applied perpendicular to the dot,
equation (2.5) generalizes to

εnm`ms = (2n+ |m`|+ 1)~ω +
1
2

~ωcm` + g∗µBBms, (2.6)

where ω =
√
ω2

0 + 1
4ω

2
c is the effective trap frequency and ωc = eB

m∗ is the
cyclotron frequency. In figure 2.2 some of these one particle energies have been
plotted as functions of the magnetic field. The figure shows many characteristic
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properties. At B = 0 we see the equidistant energy levels with higher and
higher degeneracy as the energy increases. At moderate field strengths the
1
2~ωcm` term dominates the changes of the structure and hence a vast number
of level crossings occur. For stronger magnetic fields the spectrum splits into
so called Landau bands with the lowest band occupying states with negative
m`. For the stronger field strengths we also see that the spin–magnetic field
interaction term starts to play an important role.

2.2 Mean Field Models

When we put more than one electron into our dot we have to account for the
electron–electron interaction

Hee =
∑

i<j≤N

e2

4πεrε0
1

| ri − rj |
. (2.7)

One way of doing this is to adopt a so called mean field model. That is, one
approximates the electronic repulsion felt by each electron by a mean field pro-
duced by all of the electrons.

Before we start with the details, we introduce the notation that the electron–
electron interaction matrix element∫∫

e2ψ∗a(ri)ψ∗b (rj)ψc(ri)ψd(rj)
4πεrε0|ri − rj |

dAidAj = 〈ab| 1
r̂ij
|cd〉, (2.8)

where a, b, c and d each denote a single quantum state i.e. |a〉 = |na,ma
` ,m

a
s〉.

Furthermore we need to know how to compute such two electron matrix
elements. Then we start, as suggested by Cohl et al. [30], by expanding the
inverse radial distance in cylindrical coordinates (R,φ, z) as

1
|r1 − r2|

=
1

π
√
R1R2

∞∑
m=−∞

Qm− 1
2
(χ)eim(φ1−φ2), (2.9)

where

χ =
R2

1 +R2
2 + (z1 − z2)2

2R1R2
. (2.10)

Assuming a 2D confinement we set z1 = z2 in (2.10). The Qm− 1
2
(χ)–functions

are Legendre functions of the second kind and half–integer degree. We evaluate
them using a modified3 version of the software DTORH1.f described in [31].

Using (2.9) and (2.2) the electron–electron interaction matrix element (2.8)
becomes

〈ab| 1
r̂12

|cd〉 =
e2

4πεrε0
〈ua(ri)ub(rj)|

Qm− 1
2
(χ)

π
√
rirj

|uc(ri)ud(rj)〉

×〈eimaφieimbφj |
∞∑

m=−∞
eim(φi−φj)|eimcφieimdφj 〉

×〈ma
s |mc

s〉〈mb
s|md

s〉. (2.11)
3It is modified in the sense that we have changed the limit of how close to one the argument

χ can be. This is simply so that sufficient numerical precision can be achieved.
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Note that the angular part of (2.11) equals zero except if m = ma −mc or
m = md −mb. This is how the degree of the Legendre–function in the radial
part of (2.11) is chosen. It is also clear from (2.11) that the electron–electron
matrix element equals zero if state a and c or state b and d have different spin
directions.

2.2.1 Hartree–Fock

Let us assume that our many-electron wave function is a single Slater determi-
nant

Φ =
1√
N !

∣∣∣∣∣∣∣∣∣
|a(1)〉 |a(2)〉 . . . |a(N)〉
|b(1)〉 |b(2)〉 . . . |b(N)〉

...
...

. . .
...

|n(1)〉 |n(2)〉 . . . |n(N)〉

∣∣∣∣∣∣∣∣∣ , (2.12)

where |a〉, |b〉, . . . , |n〉 are all occupied one electron orbitals.
According to the variational principle4 the best wave function for the ground

state can be found by minimizing the expectation value of the energy

〈E〉 = 〈Φ|H|Φ〉 = 〈Φ| p2

2m∗ + V +
∑

i<j≤N

1
rij
|Φ〉, (2.13)

where V is some one particle potential, for example V (r) = 1
2m

∗ω2r2. Let us
now introduce the notation Φr

a for the same Slater determinant as in equation
(2.12) but with orbital a exchanged for orbital r. Since Φ in equation (2.12)
consisted of all occupied orbitals, r must here be an unoccupied orbital, i.e. Φr

a

denotes a single excitation from our Slater determinant.
Then, if we want to vary our total wave function (Slater determinant) we

have to mix in some small part of an unoccupied orbital

|Φ〉 −→ |Φ〉+ η|Φr
a〉, (2.14)

where η is a small real number5. Then the expectation value of the energy will
change accordingly

〈E〉 −→ 〈E〉+ η(〈Φr
a|H|Φ〉+ 〈Φ|H|Φr

a〉), (2.15)

if we neglect terms quadratic in η. Since H is Hermitian, the two matrix ele-
ments in the above equation are just the complex conjugate of each other. With
the conventions used here these matrix elements are real and therefore they have
to be equal. Hence we then get the condition

〈Φr
a|H|Φ〉 = 0 (2.16)

if 〈E〉 is a minimum. This is called Brillouins theorem [26] and implies that H
has no matrix elements between |Φ〉 (i.e. the single Slater determinant with the
lowest possible energy) and states obtained by a single excitation from |Φ〉.

4See any textbook on quantum mechanics, e.g. [27].
5Normalization we could in principle worry about later.
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For a general single particle operator F =
∑

i f(i) and for a general two
particle operator G =

∑
i<j g(i, j)

6 we have that [26]

〈Φr
a|
∑

i

f(i)|Φ〉 = 〈r|f |a〉 (2.17)

〈Φr
a|
∑
i<j

g(i, j)|Φ〉 =
∑
b≤N

〈rb|g|ab〉 − 〈br|g|ab〉. (2.18)

With the single particle operator
∑

i
p2

i

2m∗ +V (i) and the two particle operator∑
i<j≤N

1
rij

we can then rewrite equation (2.16) as

〈r| p2

2m∗ + V |a〉+
∑
b≤N

〈rb| 1
r12

|ab〉 − 〈br| 1
r12

|ab〉 = 0. (2.19)

From this equation we define the Hartree–Fock operator hHF and the Hartree–
Fock potential uHF as

hHF =
p2

2m∗ + V + uHF (2.20)

〈j|uHF |i〉 =
∑
b≤N

〈jb| 1
r12

|ib〉 − 〈bj| 1
r12

|ib〉, (2.21)

where the first term in the sum is called the Hartree–Fock Direct or simply
Hartree term and the second term in the sum is called the Hartree–Fock ex-
change term.

Using the completeness relation, eq. (2.19) and eq. (2.20) we get

hhf |a〉 =
∞∑

i=1

|i〉〈i|hhf |a〉 =
∑
b≤N

|b〉〈b|hhf |a〉, (2.22)

thus only occupied orbitals are generated by the Hartree–Fock operator.
We can then7 write the general Hartree–Fock equation as

hHF |a〉 = εa|a〉, (2.23)

where εa is the so called orbital energy of orbital |a〉.
In our case we apply the Hartree–Fock equation by adding the term

uHF
ji = 〈Bj |uHF |Bi〉 =

∑
a≤N

〈Bja|
1
r̂12

|Bia〉 − 〈Bja|
1
r̂12

|aBi〉 (2.24)

to Hji in equation (2.4). We then solve (the generalized eigenvalue problem)
(2.4) with standard numerical routines and we obtain the orbital energies and
coefficients ci that are plugged into (2.3) to obtain the new wave functions.
These new and improved wave functions are put into (2.24). In this way we
solve equation (2.4) iteratively, yielding better and better energies and wave

6i and j are here referring to the particle index of the particle(s) the operator is acting on.
7hhf can be shown to be Hermitian and invariant under unitary transformations.
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functions in each step. This procedure is repeated until self–consistency8 is
reached.

Sometimes the above explored method is called Unrestricted Hartree–Fock.
Unrestricted is here referring to that states with the same radial and angular
quantum numbers but with different spin directions are allowed to have dif-
ferent wave functions. If this is not allowed instead one performs so called
Restricted Hartree–Fock. Still, in our method, we have a restriction imposed
on the wavefunctions, the one of circular symmetry. Sometimes the label Un-
restricted Hartree–Fock is reserved for methods that have taken away even this
restriction and our type of method is then called Spin-Polarized Hartree–Fock
or Space Restricted and Spin Unrestricted Hartree–Fock. Throughout this thesis
the method explained in this section will however be called purely Hartree–Fock.

2.2.2 Local Density Approximation

In 1950 Slater introduced a simplification of the Hartree–Fock method called the
Local Density Approximation (LDA) [32]. The idea behind LDA is to approx-
imate the non–local Hartree–Fock exchange term by a localized and averaged
exchange hole which is the same for all electrons. The exchange term here be-
comes a (simple) function of the electron density. The explicit form in the 3D
case is obtained from comparison with the electron gas [32]. Hence, this method
will work best for relatively large particle numbers. Following Macucci et al. [8],
the Local Density Exchange term in 2D can be written as

uLDA
ex = −4a∗B

√
2ρ(r)
π

, (2.25)

where a∗B = (εrme/m
∗)aB ≈ 9.794 nm is the effective Bohr radius and ρ(r) =∑N

i=1 |ψi(r)|2 is the local electron density. This fits nicely into the above ex-
plained numerical scheme by the simple substitution of uHF

ji with

uLDA
ji =

∑
a≤N

〈Bja|
1
r̂12

|Bia〉 − 〈Bj |4a∗B

√
2ρ(r)
π

|Bi〉. (2.26)

The above equation also defines the LDA–potential, uLDA, analogous to the
Hartree–Fock potential. Figure 2.3 depicts the different parts of the total poten-
tial in a LDA–calculation forN = 20. Here the concept of one common exchange
hole for all electrons becomes apparent. Note that the exchange potential in
the Hartree–Fock case can not be plotted in this way since it is non–local 9.

Also note that in contrast to the above Hartree-Fock scheme, this Local
Density Approximation is spin independent and therefore it works best for closed
spin shells. In this thesis LDA is only used as an alternative starting point for
our Many–Body Perturbation Theory (see section 2.3.2) calculations on the
closed spin–shell of the ground state in the two electron system, see section 3.1
and attached article I.

Moreover, it is not apparent that LDA would work to any satisfactory de-
gree. However, the Hohenberg and Kohn theorem [33] states that for the non-
relativistic interacting electron gas put in any external potential, the ground

8That is, we set a upper limit to how much each individual orbital energy is allowed to
change between iterations.

9and also different for different occupied orbitals
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Figure 2.3: The different parts of the total potential in a LDA–calculation for
N = 20. Material parameters for GaAs were used together with ~ω = 4 meV.

state energy can be expressed as a functional of the electron density. Unfor-
tunately the theorem says nothing about how this functional can be found. It
can therefore also be hard to state something about the error one makes when
using the method and even if you get very good energies it is not guaranteed
that the wave functions are correct. Still, this theorem lead to the development
of the extensively used10 Density Functional Theory (DFT). It should be stated
that the LDA is the simplest possible version of DFT. The first improvement to
the approximation is the LSDA (Local Spin Density approximation) where one
introduce two densities, one with spin up and one with spin down, hence rein-
troducing the spin dependency of the exchange term. The LSDA approximation
and even more complex DFT–schemes based on the work of Kohn and Sham [34]
have been used in many theoretical works on quantum dots, see e.g. [13–15,17].

10In quantum chemistry, solid state and condensed matter physics it is the preferred frame-
work of many theorists. Walter Kohn was awarded the Nobel prize in chemistry in 1998 “for
his development of the density-functional theory”.
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2.3 Many–Body models

The goal of a Many–Body model is to find eigenfunctions and eigenenergies to
the total Hamiltonian

H =
N∑

i=1

p2
i

2m∗ + V (ri) +
∑
i<j

1
4πεε0|ri − rj |

. (2.27)

If we have a complete set of single particle wave functions and we construct
the N–particle starting Slater determinant Φ out of these, we can write the total
wave function as

ΦTOT = c0Φ +
∑
ar

craΦr
a +

∑
abrs

crs
abΦ

rs
ab +

∑
abcrst

crst
abcΦ

rst
abc + . . . , (2.28)

where the c–s are expansion coefficients, Φr
a denotes a single excitation from the

starting Slater determinant, Φrs
ab is a double excitation from the same etc. The

problem is now reduced to finding the coefficients in (2.28).

2.3.1 Configuration Interaction

Configuration Interaction (CI) is the most straightforward and brute force method
of numerical Many–Body quantum mechanics. To obtain the expansion coef-
ficients in (2.28) one simply enumerates the Slater determinants on the right
hand side of the same equation and constructs the matrix

〈Φ1|H|Φ1〉 〈Φ1|H|Φ2〉 〈Φ1|H|Φ3〉 . . .
〈Φ2|H|Φ1〉 〈Φ2|H|Φ2〉 〈Φ2|H|Φ3〉 . . .
〈Φ3|H|Φ1〉 〈Φ3|H|Φ2〉 〈Φ3|H|Φ3〉 . . .

...
...

...
. . .

 , (2.29)

and diagonalizes it. Of course, if one uses an infinite single particle basis set the
number of possible Slater determinants is infinite and the matrix size becomes
infinite. In practice one must therefore truncate the basis set in some way. CI is
a relatively easy method to implement but the usability is limited by the matrix
size which grows very rapidly. Therefore really good results are only achieved
for very few particles.

In this work the use of (our own) CI–calculations is limited to the two par-
ticle system and it is used mainly to examine the precision of our Many–Body
Perturbation Theory calculations. We then diagonalize the matrix that consists
of all the elements of the form

Hji = 〈mn|j ĥ
1
s + ĥ2

s +
1
r̂12

|op〉i (2.30)

for given values of ML =
∑
m` and MS =

∑
ms of our electron pairs {|mn〉i}.

Here |m〉, |n〉, |o〉 and |p〉 all are (occupied or unoccupied) one–electron orbitals.
Following the selection rules produced by Eq. (2.11) we get the conditions
mo

` +mp
` = mm

` +mn
` , mm

s = mo
s and mn

s = mp
s . Since we for the radial basis

are using B–splines the number of basis functions is here finite. Still the angular
basis set is infinite and must therefore be truncated.
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Here it should be mentioned that for the two electron 2D single harmonic
oscillator one can find the exact solution in a more straightforward way. This
is done by dividing the Hamiltonian into one center of motion part and one
relative motion part finding solutions to each part separately. For more about
this method see the theory section of article II.

2.3.2 Many–Body Perturbation Theory

The idea of Many–Body Perturbation Theory (MBPT) is to begin with a rea-
sonably good starting Slater determinant and then by an iterative scheme, based
on the generalized Bloch equation [26], introduce corrections to this Slater de-
terminant (e.g. contributions from other Slater determinants) to finally arrive
at the true Many–Body wave function. If we achieve this we say that we have
performed the perturbation expansion to all orders. This theory is far too ex-
tensive to be explained in full here; only a brief glance at the theory will be
given. For a (more or less) complete description of the theory see Lindgren and
Morrison [26]. Moreover, in this work we do not use the iterative scheme, in-
stead the goal is to examine whether such a development would be worthwhile.
Therefore we here limit ourselves to calculating the relatively simple first and
second order corrections. It should be stated that for many situations second
order MBPT includes most physical important effects as we will see in section
3.1.

As customary in perturbation theory one starts with dividing the full Hamil-
tonian H into a starting guess H0 and a perturbation V with

H = H0 + V. (2.31)

Here H0 usually is some effective one particle Hamiltonian, for example the
Hartree–Fock or LDA Hamiltonian. Then the perturbation is taken to be the
difference between the true electron–electron interaction and the effective one
particle approximation of the same

V =
∑

i<j≤N

1
rij

−
∑
i≤N

u(i), (2.32)

where u(i) for example can be the Hartree–Fock potential uHF or the Local
Density potential uLDA.

We know that

E0 = 〈Φ|H0|Φ〉 =
∑
i≤N

ε′i + 〈Φ|
∑
i≤N

u(i)|Φ〉 =
∑
i≤N

εi, (2.33)

where ε′i are the one–electron energies (given by equation (2.6) ) and εi are the
orbital energies. Note that in this expression the electron–electron interaction
is double counted (|a〉 interacts with |b〉 plus |b〉 interacts with |a〉 ) because11

〈Φ|
∑
i≤N

uHF (i)|Φ〉 =
∑
a≤N

〈a|uHF |a〉 =
∑

a,b≤N

〈ab| 1
r12

|ab〉 − 〈ba| 1
r12

|ab〉. (2.34)

11For arguments sake we here set u = uHF , the same double counting would however occur
with the LDA–potential.
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Following the Rayleigh–Schrödinger perturbation expansion for a degenerate
model space in section 9.5 of Lindgren and Morrison [26], we have that the first
two corrections to E0 can be written as

δE(1) = 〈Φ|V |Φ〉 (2.35)

δE(2) =
∑
β 6=Φ

〈Φ|V |β〉〈β|V |Φ〉
E0 − Eβ

0

(2.36)

if we choose the starting Slater determinant Φ as our model space. Hence β
is summed over all Slater determinants that are not in the model space. If we
have problems with degenerate or almost degenerate Slater determinants, we
have the freedom to include more Slater determinants in our model space to
get rid of the problem. Then Φ becomes a linear combination of these Slater
determinants, see Lindgren and Morrison [26].

Putting (2.32) in (2.35) and adding (2.33) we get

E1 =

E0︷ ︸︸ ︷∑
i≤N

ε′i + 〈Φ|
∑
i≤N

u(i)|Φ〉+

δE(1)︷ ︸︸ ︷
〈Φ|

∑
i<j≤N

1
rij
|Φ〉 − 〈Φ|

∑
i≤N

u(i)|Φ〉

=
∑
i≤N

ε′i + 〈Φ|
∑

i<j≤N

1
rij
|Φ〉 =

∑
i≤N

ε′i +
∑

a<b≤N

[
〈ab| 1

r12
|ab〉 − 〈ba| 1

r12
|ab〉

]

=
∑
i≤N

εi −
∑

a<b≤N

[
〈ab| 1

r12
|ab〉 − 〈ba| 1

r12
|ab〉

]
.

Hence E1 does not include the double counting of the electron–electron interac-
tion we had in E0.

Continuing with the second order correction we get

δE(2) =
∑
a≤N
r>N

〈Φ|V |Φr
a〉〈Φr

a|V |Φ〉
εa − εr

+
∑

a<b≤N
r,s>N
r 6=s

〈Φ|
∑

i<j≤N
1

rij
|Φrs

ab〉〈Φrs
ab|
∑

i<j≤N
1

rij
|Φ〉

εa + εb − εr − εs
,

(2.37)

where we in the second term have used that 〈Φrs
ab|
∑

i≤N u(i)|Φ〉 = 0 (u(i) is
a one–particle operator and Φrs

ab is a double excitation). After some work we
arrive at the expression

δE
(2)
N =

∑
a,b<N

∑
r>N

|〈r|uex|a〉 − 〈rb| 1
r12
|ba〉|2

εa − εr
+

∑
a<b≤N

∑
r,s>N
r 6=s

|〈rs| 1
r̂12
|ab〉|2 − 〈ba| 1

r̂12
|rs〉〈rs| 1

r̂12
|ab〉

εa + εb − εr − εs

(2.38)

where uex is the chosen exchange operator. That is

〈r|uHF
ex |a〉 =

∑
b≤N

〈rb| 1
r12

|ba〉 (2.39)

〈r|uLDA
ex |a〉 = 〈r|4a∗B

√
2ρ(r)
π

|a〉. (2.40)
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Putting (2.39) in (2.38) it becomes obvious that all single excitations cancel
when using the Hartree–Fock potential as the previously mentioned Brillouins
theorem stated. The sums over unoccupied states (r and s) in (2.38) should in
principle be infinite. However, as explained in section 2.1, we use B-splines as
a basis set for our radial states. B-splines form a complete set in the numerical
box and therefore the sum will be finite in the radial quantum number. Still in
the angular quantum number the sum is infinite and must be truncated. The
effects of this will be discussed in section 3.1.

2.3.3 Different starting points

MBPT is far less computationally heavy than CI, and it is therefore applicable to
larger systems. The problem is instead to find a good enough starting guess (H0

and eigenfunctions to the same) that ensures convergence of the perturbation
expansion. To explore how sensitive MBPT is with respect to the first guess, we
have tried several different starting points. The simplest possible starting guess
is the one–electron wave functions, i.e. we take the whole electron–electron
interaction as the perturbation. The other tried starting points are of course
LDA and Hartree–Fock, but we have also tried an increased exchange LDA and
a reduced exchange Hartree–Fock. That is we have in equation (2.40) multiplied
the respective exchange operator with a constant α. We have then varied α in
order to find the optimal one. Mainly, however, we have chosen the pure12

Hartree–Fock to be our starting point. More about this in section 3.1.

2.4 Spin contamination

The Hartree–Fock Hamiltonian, eq. (2.20), does not in general commute with
S2, which will become clear in the next few pages. This means that the Hartree–
Fock Slater determinants are, in contrast to the true Many–Body wave function,
in general not eigenstates to S2. Through the perturbation expansion however,
the spin eigenstate is restored (given that the perturbation expansion converges).

In contrast to the total energy, the total spin of the true many–body state is
known even though we do not have access to the actual wave function. Therefore
the expectation value of S2 can be used as a measure of how good of a starting
point the HF–wave functions are for our perturbation expansion and also as a
measure of how converged the perturbation expansion is.

Let us rewrite the total spin squared operator as

S2 = (
N∑

i=1

s(i))2 =
∑
i≤N

s(i)2 +
N∑

i 6=j

sz(i)sz(j) +
1
2

N∑
i 6=j

s+(i)s−(j) + s−(i)s+(j),

(2.41)
where s+(i) and s−(i) are the plus and minus ladder operators of the i–th
particle.

Our Hartree–Fock or MBPT wave functions will always be eigenfunctions to
the first two terms of this operator13. The expectation value of the last term∑N

i 6=j s+(i)s−(j) + s−(i)s+(j) however will in general differ between the true

12That is with α=1
13and they will have the same eigenvalue as the true many–body wave function.



2.4 Spin contamination 23

many body wave function and the Hartree–Fock (or Hartree–Fock + second
order perturbation theory) wave function.

Let us examine the Hartree–Fock case. The expectation value of interest
will be

〈S2〉HF = 〈Φ|
∑
i≤N

s(i)2 +
N∑

i 6=j

sz(i)sz(j) +
1
2

N∑
i 6=j

(s+(i)s−(j) + s−(i)s+(j)) |Φ〉 =

=
∑
a≤N

〈a|s2|a〉+ 2
∑

a<b≤N

[〈ab|sz(1)sz(2)|ab〉 − 〈ba|sz(1)sz(2)|ab〉]︸ ︷︷ ︸
=0

+
∑

a<b≤N

[〈ab|s+(1)s−(2) + s−(1)s+(2)|ab〉︸ ︷︷ ︸
=0

−〈ba|s+(1)s−(2) + s−(1)s+(2)|ab〉]

=
3
4
N + 2

∑
a<b≤N

ms(a)ms(b)−
∑

a<b≤N

[〈ba|a+b−〉+ 〈ba|a−b+〉]. (2.42)

Here 〈S2〉 is given in effective atomic units, that is ~ is scaled to one. This
convention is used throughout the thesis and in article I. In the above equation
a+ is state a after the s+–operator has worked on it and a− is state a after
s− has worked on it. This means that the term inside the brackets on the last
line can only give non–zero results if a and b have different spin. If the wave
functions were not spin contaminated these overlap integrals should e.g. for two
orbitals with the same radial and angular quantum numbers but different spin
directions equal one. If our orbitals become spin contaminated however, this is
not true anymore and the value of 〈S2〉METHOD will then differ from the true
value.

There are two cases of spin contamination, open shell spin contamination
and closed shell spin contamination. First consider any open spin shell state e.g.
the three electron Hartree–Fock ground state built up by the orbitals |0 0 ↓ 〉
, |0 0 ↑ 〉 and |0 − 1 ↓〉. The implicitly spin–dependent exchange term will
modify the |0 0 ↓ 〉 state through interaction with the |0 − 1 ↓〉 state. However
the |0 0 ↑ 〉 will not experience any exchange interaction in this case. There-
fore the two |0 0〉–orbitals will have different radial wave functions and the
overlap integral inside the last bracket of equation (2.42) will not equal one.
Hence we have spin contamination. All spin–dependent effective one–electron
potentials (e.g. the LSDA) will have this effect to different extents. But this
is somewhat in accordance with the physical situation. That is, the approx-
imation lies not in the spin–dependent exchange but in the assumption that
our Many–Body wave function can be described by a single Slater determinant.
Now to the other type of spin contamination. Consider any closed spin shell,
i.e. the two electron singlet ground state 1√

2
(|0 0 ↓〉|0 0 ↑〉 − |0 0 ↑〉|0 0 ↓〉). For

extremely weak confining potential strengths the electronic repulsion will dom-
inate over the interaction with the confining potential. Then the lowest triplet
state 1

2 (|0 0 ↓〉|0 1 ↑〉+ |0 0 ↑〉|0 1 ↓〉+ |0 1 ↓〉|0 0 ↑〉+ |0 1 ↑〉|0 0 ↓〉) will be the
ground state. Already for modestly weak confining potentials some of this triplet
state will start to mix into the Slater determinant of the singlet state. This will
alter the value of 〈S2〉 and once again we have spin contamination. Note how-
ever, that in both cases the origin of spin contamination is that we approximate
our Many–Body wave function with a single Slater determinant.
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To calculate the second-order correlation energy one needs, at least implic-
itly, the first-order corrections, δΦ(1), to the wave function. It is given by [26]

|δΦ(1)〉 =
∑

a<b≤N

∑
r,s>N
r 6=s

|rs〉〈rs| 1
r̂12
|ab〉

εa + εb − εr − εs
, (2.43)

where so called intermediate normalization, i.e. 〈Φ|Φ〉 = 1 and 〈Φ|δΦ(1)〉 = 0,
(which implies 〈Φ+δΦ(1)|Φ+δΦ(1)〉 6= 1), has been used. The expectation value
of the spin within this approximation is then calculated as

〈S2〉 =
〈Φ + δΦ(1)|S2|Φ + δΦ(1)〉
〈Φ + δΦ(1)|Φ + δΦ(1)〉

. (2.44)

The numerator in equation (2.44) gives the following contributions

〈S2〉HF −
∑

a<b≤N

∑
r,s>N
r 6=s

(
〈ba|S2|rs〉〈rs| 1

r̂12
|ab〉

εa + εb − εr − εs
+
〈ba| 1

r̂12
|rs〉〈rs|S2|ab〉

εa + εb − εr − εs

)

−
∑

a<b≤N

∑
r,s,m,n>N
r 6=s,m 6=n

〈ba| 1
r̂12
|mn〉〈mn|S2|rs〉〈rs| 1

r̂12
|ab〉

(εa + εb − εm − εn)(εa + εb − εr − εs)

+
∑

a<b<c≤N

∑
r,s,t>N

r,s 6=t

〈ca| 1
r̂23
|st〉〈bs|S2

12|ar〉〈rt| 1
r̂23
|bc〉

(εb + εc − εr − εt)(εa + εc − εs − εt)
+ .....

−
∑

a<b<c<d≤N

∑
r,s>N
r 6=s

〈ba| 1
r̂23
|rs〉〈cd|S2

12|ab〉〈rs| 1
r̂23
|cd〉

(εa + εb − εr − εs)(εc + εd − εr − εs)
+ .....

(2.45)

The minus signs appearing before the expressions on the first two lines arise
since only the exchange integrals contribute. The expression on the third line
represents a class of diagrams illustrated on the second line of figure 2.4. These
diagrams contribute only when there are at least three electrons in the dot.
Likewise the expression on the fourth line represents a class of diagrams, illus-
trated on the last line of figure 2.4, that contribute if there are four or more
electrons in the dot. The denominator of equation (2.44) can be written more
explicitly as

1 +
∑

a<b≤N

∑
r,s>N
r 6=s

〈ab| 1
r̂12
|rs〉〈rs| 1

r̂12
|ab〉

(εa + εb − εr − εs)2
−
〈ba| 1

r̂12
|rs〉〈rs| 1

r̂12
|ab〉

(εa + εb − εr − εs)2
(2.46)

It is interesting to note the scaling of the different terms in equations (2.45)
and (2.46). The deviation of the 〈S2〉HF term from ~2S(S + 1) scales with
(
√
l0/a∗B)~2, where l0/a∗B is a dimensionless parameter given by the relation

between the characteristic dot length, l0 =
√

~/(m∗ω) and the scaled Bohr
radius, a∗B , related to the Bohr radius through a∗B = (εrme/m

∗)aB . The leading



2.4 Spin contamination 25

contributions from all the other terms in equation (2.45) scale with l0/a∗B . Also
for the norm, equation 2.46, the leading deviation from unity scales as l0/a∗B ,
leading to contributions to 〈S2〉 of the same order. Terms arising from higher
order corrections, δΦ(2) etc., scale for all configurations tested here as (l0/a∗B)3/2

or as higher powers of l0/a∗B . The parameter l0/a∗B is close to unity for ~ω =
5meV for an effective mass and dielectric constant corresponding to GaAs and
decrease for higher ω. For most investigated values of ω the confinement is thus
not very strong and we do not assume the leading terms to dominate, but the
scaling has indeed been verified in the strong confinement limit (high ω and
small l0) for the dots investigated here.

Figure 2.4: Goldstone diagrams [26] representing the different parts of equa-
tion (2.45). Here a double arrow labels an occupied orbital and a single arrow
labels an unoccupied orbital. Moreover the dashed horizontal lines represents the
1

r̂12
–operator and the full horizontal lines represents the Ŝ2–operator.
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Chapter 3

Calculations

In this section the main results from the attached article I will be discussed.
All details in the article will not be repeated here. Instead a brief overview of
the main conclusions will be given and for the details the reader is referred to
the paper. Some things omitted in the article will however be given some room
here.

3.1 Validation of Method

3.1.1 One–electron wave functions

The purpose of this work was to examine whether MBPT can be a useful method
in theoretical quantum dot physics. The first thing one then must make sure
is that our one–electron wave functions will have sufficient numerical precision.
This is achieved by adjusting:

1. The number of knot points in the knot set

2. The actual positions of the knots in the knot set

3. The order of the B–splines

We control the achieved accuracy by comparing the obtained energies with
the exact one–electron energies given by equation (2.5). We found that a knot
set, linear in the inner region and exponential further out, with a total of 40 knot
points together with B–splines of order six will be sufficient for most purposes. In
table 3.1 the calculated energies for the whole radial basis set with m` = 0 when
using the above numerical parameters are compared with the exact energies
provided by eq. (2.5). It is clear that it is only for the lowest lying states we
get physically valid energies1 in our calculations, but there the accuracy is very
good. This is a feature when using B–splines as a basis set. The higher lying
states are not “trying” to be physical, they are instead “trying” to fulfill the
completeness of the basis set. Completeness is an essential property when doing
MBPT. To visualize how dense2 the knot set is in the inner region and how large

1Note however, that in a realistic quantum dot we will never occupy a state with n > 2,
at least not if we are considering ground states.

2Keep in mind that we always have six (= the order of the B–splines) different B–splines
in each knot set interval.
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Table 3.1: Comparison between exact and calculated one–electron energies for
the whole radial basis set with m` = 0.

n Exact energy [~ω] Calculated energy [~ω] n Exact energy [~ω] Calculated energy [~ω]
0 1 1.0000000003 16 33 43.572571173
1 3 3.0000000053 17 35 44.039089954
2 5 5.0000001190 18 37 56.281978631
3 7 7.0000017904 19 39 56.806377658
4 9 9.0000212428 20 41 73.086872167
5 11 11.000148491 21 43 73.599922844
6 13 13.001391158 22 45 95.405356928
7 15 15.003570080 24 49 123.20287736
8 17 17.037922472 25 51 130.77760340
9 19 19.017820815 26 53 157.46578282
10 21 21.392373405 27 55 197.36064863
11 23 23.026727647 28 57 240.04647711
12 25 26.797304031 29 59 261.16142044
13 27 27.721899486 30 61 280.81821280
14 29 33.987997795 31 63 314.25163634
15 31 34.515815155 32 65 1297.9215835

our numerical box is compared to the physical wave functions, the knot set and
the two lowest lying radial solutions are plotted in figure 3.1. The unphysical
|25 0〉 state is also plotted.

3.1.2 Precision and Accuracy of second–order Many–Body
Perturbation Theory calculations

When one performs MBPT one must make sure that one uses a sufficiently
large basis set. Consider figure 1 in article I. It shows the second–order MBPT
correction to the pure Hartree–Fock energy as a function of the basis set size for
a two electron dot with ~ω = 6 meV and B = 0T. The figure clearly shows the
importance of using a basis set of the right size. If one uses a too small basis
set the second order correction will not be converged. Still it is unnecessary
(i.e. computational times become unnecessary long) to use a larger basis set
than needed since it will give no more information. Based on the conclusion
drawn from figure 1 in article I we have throughout our calculations used all
radial basis functions and included as many angular functions as needed for
convergence.

Physically however the basis set size is only concerned with precision. To be
more specific, provided that our basis set is saturated it is still not guaranteed
that second–order MBPT is enough to have converged the perturbation expan-
sion. That is, it will a priori be unclear how close to the true many–body energy
the energy after second–order is. To use the language of numerical analysis, the
precision may be high but still the accuracy might at the same time be low.
Figures 2, 3 and 4 in article I are concerned with this.

In figure 2 of article I the different starting points discussed in section 2.3.3
are put to the test. The energies after first and second order are compared
with our own CI calculations discussed in section 2.3.1. For a correct mea-
sure of the accuracy the exact same basis set has been used in the CI and in
the MBPT calculations. The model system is here the two electron dot and
the ground state energies are plotted as functions of the confinement strength.
We conclude that for moderate and strong confinement strengths the accuracy
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Figure 3.1: The radial basis functions with m` = 0 and n = 0, 1 and 25. The
confinement strength is ~ω = 3 meV and the external magnetic field is set to
zero. The knot points are plotted as squares.

achieved by second–order MBPT on top of Hartree–Fock seems sufficient for
most purposes. LDA seems like an unsuitable starting point for MBPT3 for
moderate (and weak) confinement strengths since it gives almost as poor re-
sults as taking the whole electron–electron interaction as the perturbation. Still
LDA might work better for larger particle numbers where the averaged exchange
hole is a better approximation. For the weakest confinement strength used here
(1 meV) the pure Hartree–Fock calculation becomes spin contaminated all of
a sudden resulting in an overestimation instead of the expected underestima-
tion of the second–order energy. Here 〈S2〉 should equal zero (and so it does
for the other tried potential strenghts) but the Hartree–Fock calculation gives
〈S2〉 = 0.33 and HF+second–order correlation gives 〈S2〉 = 0.26. Since the
spin is somewhat improved already after second–order, probably in this case
the perturbation expansion would restore the spin when expanded to all or-
ders. However, the reduced exchange Hartree–Fock here provides an alternative
starting point which yields 〈S2〉 = 0 for all tried starting points although the
energy estimations after second–order are slightly worse than the pure HF +
second–order correlation. This freedom in choice of starting point properties
might however be useful when performing MBPT to all orders.

In figure 4 of article I a comparison between our HF + second–order MBPT
calculations and Local Spin Density Approximation (LSDA) and CI–calculations
performed by Reimann et al. is made. The physical system is a six electron dot
and again the performance is tested over a large range of confinement strengths.
The figure clearly illustrates that for stronger potentials4 the accuracy of second–

3At least if we only do second–order MBPT.
4The two strongest potentials in the figure.
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order MBPT is greater than the accuracy practically possible with full blown
CI. Full blown here refers to that they in their calculations included Slater de-
terminants of any degree of excitation5 and through diagonalization correlation
is treated to all orders. Of course they had to truncate their basis set and they
did so by ignoring all states with an energy larger than a chosen cut–off energy.
The matrix size in their CI–calculations became so large that, according to the
authors, an even larger basis set6 would be impossible to use. Therefore their
CI–calculations are not fully converged. We can however through perturbation
theory easily saturate our basis set and can do so for at least N ≤ 20 while
for a full blown CI calculation it is hard (practically impossible) to use N > 6.
Another choice would have been to perform CISD (Configuration Interaction
Singles and Doubles) where one includes only single and double excitations, as
commonly used in atomic physics and quantum chemistry, in order to satu-
rate the basis set. For the weaker confinement strengths however our results
become spin contaminated yielding underestimated HF energies and overesti-
mated second–order energies. Again second–order correlation improves the spin
but it does not at all restore it. Here higher order correlation would be necessary
to get the correct energy.

3.2 Results

3.2.1 Correlation in an external magnetic field

Figure 5 in article I depicts the evolution of the N = 1, 2, . . . , 6 chemical po-
tentials, µ(N) = E(N) − E(N − 1), when the external magnetic field is varied
according to our HF and second–order MBPT calculations. The chosen poten-
tial strength for the calculations was ~ω = 5 meV. The results, after second–
order correlation is included, resemble the experimental result in figure 2 of
ref. [6] very closely while the results after HF are comparatively nonsense. Af-
ter second–order correlation the included state switches occur for virtually the
same field strengths as the experiment while the HF calculations e.g. delay the
N = 4 state switch vastly and completely miss out on the overall behaviour of
the N = 5 chemical potential. From this we conclude that for the first two shells
(N ≤ 6) and field strengths ≤ 5 meV second–order correlation is sufficient for
most purposes.

3.2.2 The third shell

Section IV in article I is mainly concerned with the filling of the so called third
shell (7 ≤ N ≤ 12).

Figure 6 in article I shows the so called addition energy, ∆ = µ(N + 1) −
µ(N) = E(N + 1)− 2E(N) +E(N − 1), as functions of the particle number N
for the first three shells according to both HF and HF + second–order MBPT.
The potential strengths ~ω = 5 and 7 meV were used in subfigure a) and b)
respectively. Especially the ~ω = 7 meV calculation catches the main features
of the experimental addition energy spectrum in ref [6]. Sharp and big peaks

5Cf. equation 2.28
6Number of included Slater determinants.
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at N = 2, 6 and 12 indicate closed shells and smaller subpeaks at N = 4 and 9
indicate full spin alignment at half filled shells.

However, table I and figures 7 and 8 of article I show that the comparison
with experimental addition energy spectra might not be so straight forward. It
turns out that second–order MBPT sometimes gives a different ground state
than HF does. Moreover the filling sequence of the third shell is proven to be
very important for the behaviour of the addition energy spectrum. However, also
the confinement strength seems to be important since the same filling sequence
for two different potential strengths can yield very different addition energy
spectra (Compare e.g. figure 7b with figure 8b ). The gaps between the ground
and first excited states are found to sometimes be of the same order as the size
of the so called transport window used in some experiments [5]. The previous
assumption that it is always the ground state that is populated when using a
transport window of 0.1 mV [5] is therefore questioned.

However, it turns out (as one can see in table II and figure 9 of article I) that
some of the effects mentioned above might occur due to spin contamination. For
example the mentioned correlation induced ground state switches are questioned
by the information given in table II of article I. It turns out that these ground
states according to second–order MBPT here are almost spin uncontaminated
while the excited states indeed are spin contaminated to different extents. Since
spin contaminated HF (second–order MBPT) energies have a tendency to be
underestimated (overestimated), see the above discussion about figs 2 and 4 of
article I, the correlation induced ground state switches might be an artefact
of the method. It should be stated that it is not clear which of the methods
that produces the wrong ground state and that the actual value achieved by the
correlated calculations will, most probably, be much closer to the true ground
state energy. These uncertainties could however be resolved by going beyond
second-order correlation. We hope to be able to do this in the near future.
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Chapter 4

Summary, Conclusions and
Outlook

It seems like Many Body Perturbation Theory could be the searched for method
for a reliable description of correlation in few electron quantum dots. Already
second–order correlation includes most physically interesting effects for ~ω ≥ 5
meV, B ≤ 3T (at least) and N ≤ 6 when using material parameters for GaAs.
For weak potentials and/or high particle numbers spin contamination of the
Hartree–Fock starting point becomes an increasing problem. The ground state
filling sequence in the third shell is because of this still unclear. This could,
most probably, be resolved by a perturbation expansion to all orders. Moreover
the reduced exchange Hartree–Fock might be an useful starting point for all
order MBPT since it delays the onset of spin–contamination. Another option
would be to use restricted Hartree–Fock as the starting guess.

The development of an all order MBPT code might in the long run have
important effects on quantum dot physics. As the situation is now, it is unclear
which effects that are due to correlation, which effects that are due to the
approximate picture of the confining potential, which effects that are due to
impurities in the experiments and which effects that are due to the surrounding
material. To bring some clarity in the matter we hope to be able to treat
correlation, for more particles than six, to all orders in the near future. Our
preliminary calculations show that for a two electron dot, when starting from the
one–electron wave functions, the all order treatment converges for a confining
potential down to at least 3 meV. This is very promising. With a better starting
guess (i.e. Hartree–Fock) the range of applicability ( potential strengths and
large occupation number) will cover many experimentally interesting situations.

Our study on two-electron quantum dot molecules showed that when the
dot distance increases the energy levels start to form a band structure. This be-
haviour had not been detected with earlier DFT calculations which had problems
to treat the long distance situation. The problem arises since the approximate
exchange potential in the DFT-schemes gives a false interaction between an elec-
tron and its own Coulomb field, resulting in an erroneous long range potential.
In paper II the pure two electron situation was treated by diagonalization of
the full Hamiltonian in analytical one centre two-dimensional harmonic oscilla-
tor solutions, a method developed in Bergen. We are presently expanding our
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perturbative treatment using B-spline basis sets also to the coupled-dot prob-
lem. We use Cartesian coordinates and utilize the possibility to tailor the knot
sequence to the physical problem. In this way we hope to be able to study even
larger dot distances. We want also to be able to fill the dots with more than
two electrons. For the weakly coupled (large inter-dot distance) dot system it
would be especially interesting to study tunneling between the dots and how
it depends on symmetry and external fields. Another future plan is to add a
z-dimension to the two-dimensional cylindrical dot. Hereby the dependence on
deviations from the two-dimensionality could be studied from first principle.
There are some studies of this in the literature, see e.g. [13, 14], but none in-
cluding full correlation. With a non-zero z-dimension it will also be possible to
look at coupled dots in a vertical configuration.
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Appendix A

Single particle treatment

A.1 Matrix element of the one–electron Hamil-
tonian

Since we are working with a 2D quantum dot, the motion is constrained to the
xy-plane. Then we know that the kinetic energy operator can be written as

T̂ =
1
2
p̂2 =

1
2
(
p̂2

x + p̂2
y

)
. (A.1)

Furthermore we know that

p̂k = −i~ ∂

∂k
(A.2)

with k = x, y and that in polar coordinates (r, θ){ ∂
∂x = cos θ ∂

∂r −
sin θ

r
∂
∂θ

∂
∂y = sin θ ∂

∂r + cos θ
r

∂
∂θ .

(A.3)

Equations (A.1),(A.2) and (A.3) imply for some functions fj(r)eimθ and
fi(r)eimθ that

〈fje
imθ|p̂2|fie

imθ〉 =
~2
∫∞
0
dr
∫ 2π

0
dθ
( [(

cos θ ∂
∂r −

sin θ
r

∂
∂θ

)
fje

imθ
]∗ [(

cos θ ∂
∂r −

sin θ
r

∂
∂θ

)
fie

imθ
]
+[(

sin θ ∂
∂r + cos θ

r
∂
∂θ

)
fje

imθ
]∗ [(

sin θ ∂
∂r + cos θ

r
∂
∂θ

)
fie

imθ
] )

= ~2
∫∞
0
dr
∫ 2π

0
dθ
[

∂fj

∂r
∂fi

∂r + m2

r2 fjfi

]
.

(A.4)
We know by equation (2.2) that the wave function can be expressed as fie

imθ.
Hence the single particle matrix element becomes

〈Bje
imθ|ĥs|Bie

imθ〉 =
∫ ∞

0

dr

∫ 2π

0

dθ

[
1
2
∂Bj

∂r

∂Bi

∂r
+

1
2
Bj
m2

r2
Bi +BjV (r)Bi

]
.

(A.5)
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A.2 Effects of an external magnetic field in the
ẑ-direction

Let us apply a magnetic field perpendicular to our 2D quantum dot, that is
B = (0, 0, B). We know that the vector potential should fulfill ∇×A = B. For
a constant and homogeneous magnetic field this is achieved e.g. by the choice

A =
1
2
(B× r) =

1
2
(Bxŷ− yBx̂). (A.6)

Furthermore we know that p → p − qA = p + eA when a magnetic field is
applied [35]. This implies that the Hamiltonian

Ĥ =
1

2m∗ (p + eA)2 + V =
p2

2m∗ +
e

2m∗ (p ·A + A · p) +
e2

2m∗A
2 + V. (A.7)

It follows from equation (A.6) that

p ·A = A · p =
1
2
B(xpy − ypx) =

1
2
BL̂z (A.8)

and
A2 =

1
4
(Bxŷ−Byx̂)2 =

1
4
B2(x2 + y2) =

1
4
B2r2. (A.9)

The spin -magnetic field interaction can be included in the following way [36]

HSB = g∗µBŜz, (A.10)

where µB = e~
2me

= e~(m∗/me)
2m∗ .

All this gives the total Hamiltonian including the effects of the external
magnetic field

Ĥ =
p2

2m∗ + V +
e2

8m∗B
2r2 +

e

2m∗BL̂z + g∗µBBŜz. (A.11)



Appendix B

B-splines

The theory of B-splines is extensive and therefore it will not be explained in
detail here. However, to give an intuitive picture of what B-splines really are,
the definition and some properties will be explored and the Schrödinger equation
for the infinite square well in one dimension will be solved.

B.1 Definition and properties

To construct B-splines one must start with defining a set of points {ti} called
the knot set defined on the interval of interest. The only restriction on the knot
set is that ti ≤ ti+1

1. The definition of B-splines can be done from the recursion
relation below:

Bi,1(x) =
{

1 if ti ≤ x < ti+1

0 otherwise ,

Bi,k(x) =
x− ti
ti+k−1

Bi,k−1(x) +
ti+k − x

ti+k − ti+1
Bi+1,k−1(x), (B.1)

where i is the index of a knot point and k is the order of the spline. To differ-
entiate a B-spline the following formulae can be used:

d

dx
Bi,k(x) = (k − 1)

Bi,k−1(x)
ti+k−1 − ti

− Bi+1,k−1(x)
ti+k − ti+1

(B.2)

Some properties of B-splines are listed below in a somewhat phenomenolog-
ical fashion (to get a more mathematical understanding of B-splines see [28]):

• B-splines are piecewise polynomials and are therefore better suited for
interpolation than for example pure polynomials.

• If one studies the equation (B.1) one can conclude that at each x only k
B-splines are defined. This becomes apparent if one studies figure B.1.
But this also implies that in order to define all possible B-splines of order
k, the start and end points of the interval of interest must have k knot
points.

• A B-spline is non-zero from the i:th knot point to the (i+ k + 1):th knot
point, that is on k knot point intervals.

1Note that one can define ti = ti+1.
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Figure B.1: B-splines of order 1 to 4 defined on the interval [−10, 10]. The start
and end points are multiple knot points of order k = order of the B-splines. The
knot points are marked with � in the plot.

•
∑

iBi,k(x) = 1. This becomes clear when studying figure B.1.

• Bi,k(x) ≥ 0. This becomes clear when studying figure B.1.

• The (k −m):th derivative is the first discontinuous derivative in a m-fold
multiple knot point.

• B-splines form a basis set for the linear space Pk,τ,ν , that is the space of
piecewise polynomials of order2 k with the knot set τ = {τi}, τi ≤ τi+1

with ν = {νi} continuity conditions.

B.2 The 1D infinite square well with B-splines

One must start with deciding what interval one wants to calculate things in.
Let us choose [−10, 10]. This means that the potential becomes

V =
{

0 if −10 ≤ x ≤ 10
∞ otherwise

2That is, degree< k.



B.2 The 1D infinite square well with B-splines 45

In the chosen interval the Hamilton operator then becomes

Ĥ = − d2

dx2
(B.3)

To make things simple we use a linear knot set. This knot set usually starts
and ends with a k-fold knot point where k is the order of the splines. However
one must impose the boundary condition that the wave functions vanish at the
end points due to the nature of the potential. This is done by excluding the
first and the last B-spline in the set so that the knot set starts and ends with
a (k − 1)-fold knot point. In this way we remove the possibility of having wave
functions 6= 0 at the edges.

The next step is to produce B-splines by equation (B.1) up to the chosen
order k.

The Schrödinger equation becomes the following matrix equation:

U−1Bcn = Encn, (B.4)

with

Bji = 〈Bj |Ĥ|Bi〉 (B.5)
Uji = 〈Bj |Bi〉 (B.6)

and
|Ψn〉 =

∑
i

cn,i|Bi〉. (B.7)

The Bij matrix element can be calculated in the following way

Bji = 〈Bj | −
d2

dx2
|Bi〉 = 〈dBj

dx
|dBi

dx
〉. (B.8)

When performing the integration in (B.5) and (B.6) numerically it is suitable
to use Gaussian quadrature because it gives an exact result when integrating a
polynomial if the right amount of integration points is used [37].

Then things are straight forward. Solve the eigenvalue problem of equation
(B.4), sort the eigenvectors according to the size of the eigenvalues, then use
equation (B.7) to obtain the wave functions. Some results from such calculation
are shown in figure B.2.
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Figure B.2: The upper left panel shows the B-splines of order k = 6 when the
first and the last B-spline have been picked out.The B-splines are summed up
at each x to give the function y = 1. The upper right panel shows the n = 1
wave function with its B-splines multiplied with the right coefficients. That is if
one adds up the B-splines shown in the plot one obtains the wave function. The
lower left panel and the lower right panel show the n = 2 and the n = 3 wave
functions respectively in the same way.
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Many-Body perturbation theory calculations on circular GaAs quantum dots

E. Waltersson and E. Lindroth
Atomic Physics, Fysikum, Stockholm University, S-106 91 Stockholm, Sweden

(Dated: May 14, 2007)

The possibility to use perturbation theory to systematically improve calculations on circular
quantum dots is investigated. A few different starting points, including Hartree-Fock, are tested
and the importance of correlation is discussed. Quantum dots with up to twelve electrons are treated
and the effects of an external magnetic field are examined. The sums over excited states are carried
out with a complete finite radial basis set obtained through the use of B-splines. The calculated
addition energy spectra are compared with experiments and the implications for the filling sequence
of the third shell are discussed in detail.

PACS numbers: 73.21.La,31.25.-v,75.75.+a

I. INTRODUCTION

During the last decade a new field on the border be-
tween condensed matter physics and atomic physics has
emerged. Modern semi-conductor techniques allow fab-
rication of electron quantum confinement devices, called
quantum dots, containing only a small and controllable
number of electrons. The experimental techniques are so
refined that one electron at a time can be injected into the
dot in a fully controllable way. This procedure has shown
many similarities between quantum dots and atoms, for
example the existence of shell structure. To emphasize
these similarities quantum dots are often called artificial
atoms. The interest in quantum dots is mainly motivated
by the fact that their properties are tunable through elec-
trostatic gates and external electric and magnetic fields,
making these designer atoms promising candidates for
nanotechnological applications. An additional aspect is
that quantum dots provide a new type of targets for
many-body methods. In contrast to atoms they are es-
sentially two-dimensional and their physical size is sev-
eral orders of magnitude larger than that of atoms, lead-
ing e.g. to a much greater sensitivity to magnetic fields.
Another difference compared to atoms is the strength
of the overall confinement potential relative to that of
the electron-electron interaction, which here varies over
a much wider range.

The full many-body problem of quantum dots is truly
complex. A dot is formed when a two-dimensional elec-
tron gas in an heterostructure layer interface is confined
also in the xy–plane. The, for this purpose applied gate
voltage, results in a potential well, the form of which
is not known. A quantitative account of this trapping
potential is one of the quantum dot many-body prob-
lems. Self-consistent solutions of the combined Hartree
and Poisson equations by Kumar et al.1 in the early
nineties indicated that for small particle numbers this
confining potential is parabolic in shape at least to a
first approximation. Since then a two-dimensional har-
monic oscillator potential have been the standard choice
for studies concentrating on the second many-body prob-
lem of quantum dots; that of the description of the in-
teraction among the confined electrons. The efforts to

give a realistic description of the full physical situation,
see e.g.1–5 have, however, underlined that it is important
to realize the limits of this choice. To start with the
pure parabolic potential seems to be considerably less
adequate when the number of electrons is approaching
twenty. The potential strength is further not indepen-
dent of the number of electrons put into the dot, an effect
which is sometimes approximately accounted for by de-
creasing the strength with the inverse square root of the
number of electrons6. Finally, the assumption that the
confining potential is truly two-dimensional is certainly
an approximation and it will to some extent exaggerate
the Coulomb repulsion between the electrons. In Ref.3

the deviation from the pure two-dimensional situation
is shown to effectively take the form of an extra poten-
tial term scaling with the fourth power of the distance
to the center and which can be both positive and neg-
ative. Although the deviation is quite small it is found
that predictions concerning the so called third shell can
be affected by it.

There is thus a number of uncertainties in the descrip-
tion of quantum dots. On the one hand there is the de-
gree to which real dots deviate from two-dimensionality
and pure parabolic confinement. On the other hand there
is the uncertainty in the account of electron correlation
among the confined electrons. The possible interplay
among these uncertainties is also an open question. In a
situation like this it is often an advantage to study one
problem at a time, since it is then possible to have con-
trol over the approximations made and quantify their ef-
fects. We concentrate here on the problem of dot-electron
correlation. For this we employ a model dot; truly two-
dimensional, with perfect circular symmetry and with
a well defined strength of the confining potential. This
choice is sufficient when the aim is to test the effects of
the approximations introduced through the approxima-
tive treatment of the electron-electron interaction.

Especially the experimental study by Tarucha et. al.7

has worked as a catalyst for a vast number of theoreti-
cal studies of quantum dots. A review of the theoretical
efforts until a few years ago has been given by Reimann
and Manninen8. A large number of calculations has been
done within the framework of Density Functional Theory
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(DFT)6,8–10 and reference therein, but also Hartree–Fock
(HF)11–13, Quantum Monte Carlo methods14,15 and Con-
figuration Interaction (CI)16–18 studies have been per-
formed. The DFT–studies have been very successful.
The method obviously accounts for a substantial part
of the electron-electron interaction. Still, the situation is
not completely satisfactory since there is no possibility to
systematically improve the calculations or to estimate the
size of neglected effects. For just a few electrons the CI-
approach can produce virtually exact results, provided
of course that the basis set describes the physical space
well enough. The size of the full CI problem grows, how-
ever, very fast with the number of electrons and to the
best of our knowledge the largest number of electrons in
a quantum dot studied with CI is six. It would be an
advantage to also have access to a many-body method
which introduces only well defined approximations and
which allows a quantitative estimate of neglected contri-
butions. The long tradition of accurate calculations in
atomic physics has shown that Many-Body Perturbation
Theory (MBPT) has these properties. It is an in princi-
ple exact method, applicable to any number of electrons,
and the introduced approximations are precisely defined.
With MBPT it is possible to start from a good, or even
reasonable, description of the artificial atom and then re-
fine this starting point in a controlled way. We are only
aware of one study on quantum dots that have been done
with MBPT, the one by Sloggett and Sushkov19. They
did second–order correlation calculations on circular and
elliptical dots in an environment free of external fields.

In the present study we use second–order perturbation
theory to calculate energy spectra for quantum dots with
and without external magnetic fields. We consider this
second–order treatment as a first step towards the calcu-
lation of correlation to high orders through iterative pro-
cedures, an approach commonly used for atoms20. The
method is described in Section II. In section III we com-
pare our calculations with experimental results3,7, DFT–
calculations16 and CI–calculations, our own as well as
those of Reimann et al.16 and discuss the strength and
limits of the MBPT approach. We have mainly used the
Hartree-Fock description as starting point for the pertur-
bation expansion, but we also show examples with a few
alternative starting points, among them DFT. To obtain
a complete and finite basis set, well suited to carry out
the perturbation expansion, we use so called B-splines,
see e.g. Ref.21. The use of B-splines in atomic physics
was pioneered by Johnson and Sapirstein22 twenty years
ago and later it has been the method of choice in a large
number of studies as reviewed e.g. in Ref.23. We com-
pare our correlated results to our own HF–calculations,
thereby highlighting the importance of correlation both
when the quantum dot is influenced by an external mag-
netic field and when it is not. We present addition en-
ergy spectra for the first twelve electrons. The inter-
esting third shell (electron seven to twelve) is discussed
in Section IV. Here we investigate several different fill-
ing sequences and show that correlation effects in many

cases can change the order of which the shells are filled.
We note also that the energy of the first excited state
can be very close to the ground state, in some case less
than 0.1 meV, which raises the question if it is always the
ground state which is filled when an additional electron
is injected in the dot since more than one state may lie
in the transport window controlled by the source drain
voltage24.

II. METHOD

The essential point in perturbation theory is to divide

the full Hamiltonian Ĥ into a first approximation, ĥ, and
a correction, Û . The first approximation should be easily
obtainable, in practice it is more or less always chosen to
be an effective one-particle Hamiltonian, and it should
describe the system well enough to ensure fast and steady
convergence of the perturbation expansion. The partition
is written as

Ĥ =

N
∑

i=1

ĥ(i) + Û . (1)

Here we have chosen to mainly use the Hartree-Fock

Hamiltonian as ĥ but we have also investigated the pos-
sibility to use a few other starting points.

A first approximation to the energy is obtained from
the expectation value of Ĥ, calculated with a wave func-
tion in the form of a Slater determinant formed from
eigenstates to ĥ(i). The result is then subsequently re-
fined through the perturbation expansion. Below we de-
scribe the calculations step by step.

A. Single-particle treatment

For a single particle confined in a circular quantum dot
the Hamiltonian reads

ĥs =
p̂2

2m∗
+

1

2
m∗ω2r2+

e2

8m∗
B2r2+

e

2m∗
BL̂z +g∗µbBŜz,

(2)
where B is an external magnetic field applied perpendic-
ular to the dot. The effective electron mass is denoted
with m∗ and the effective g-factor with g∗. Throughout
this work we use m∗ = 0.067me and g∗ = −0.44, corre-
sponding to bulk values in GaAs.

The single particle wave functions separate in polar
coordinates as

|Ψnmℓms
〉 = |unmℓms

(r)〉|eimℓφ〉|ms〉. (3)

As discussed in the introduction we expand the radial
part of our wave functions in so called B-splines labeled
Bi with coefficients ci, i.e.

|unmℓms
(r)〉 =

∑

i=1

ci|Bi(r)〉. (4)
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B–splines are piecewise polynomials of a chosen order k,
defined on a so called knot sequence and they form a
complete set in the space defined by the knot sequence
and the polynomial order21. Here we have typically used
40 points in the knot sequence, distributed linearly in
the inner region and then exponentially further out. The
last knot, defining the box to which we limit our prob-
lem is around 400 nm. The polynomial order is six
and combined with the knot sequence this yield 33 ra-
dial basis functions, unmℓms

(r), for each combination
(mℓ, ms). The lower energy basis functions are physi-
cal states, while the higher ones are determined mainly
by the box. The unphysical higher energy states are,
however, still essential for the completeness of the basis
set.

Eqs. (3) and (4) imply that the Schrödinger equation
can be written as a matrix equation

Hc = ǫBc (5)

where Hji = 〈Bje
imθ|Ĥ |Bie

imθ〉 and Bji = 〈Bj |Bi〉31.
Eq.( 5) is a generalized eigenvalue problem that can be

solved with standard numerical routines. The integrals
in (5) are calculated with Gaussian quadrature and since
B-splines are piecewise polynomials this implies that es-
sentially no numerical error is produced in the integra-
tion.

B. Many-Body treatment

The next step is to allow for several electrons in the dot
and then to account for the electron-electron interaction,

e2

4πǫrǫ0

1

| ri − rj |
, (6)

where ǫr is the relative dielectric constant which in the
following calculations is taken to be ǫr = 12.4 correspond-
ing to the bulk value in GaAs. For future convenience we
define the electron–electron interaction matrix element as

〈ab| 1

r̂ij

|cd〉 =

∫∫

e2Ψ∗a(ri)Ψ
∗
b(rj)Ψc(ri)Ψd(rj)

4πǫrǫ0|ri − rj |
dAidAj ,

(7)
where a, b, c and d each denote a single quantum state
i.e. |a〉 = |na, ma

ℓ , ma
s〉.

1. The Multipole expansion

As suggested by Cohl et. al25, the inverse radial dis-
tance can be expanded in cylindrical coordinates (R, φ, z)
as

1

|r1 − r2|
=

1

π
√

R1R2

∞
∑

m=−∞

Qm− 1

2

(χ)eim(φ1−φ2), (8)

where

χ =
R2

1 + R2
2 + (z1 − z2)

2

2R1R2
. (9)

Assuming a 2D confinement we set z1 = z2 in (9). The
Qm− 1

2

(χ)–functions are Legendre functions of the second

kind and half–integer degree. We evaluate them using a
modified32 version of software DTORH1.f described in26.

Using (8) and (3) the electron–electron interaction ma-
trix element (7) becomes

〈ab| 1

r̂12
|cd〉 =

e2

4πǫrǫ0
〈ua(ri)ub(rj)|

Qm− 1

2

(χ)

π
√

rirj

|uc(ri)ud(rj)〉

×〈eimaφieimbφj |
∞
∑

m=−∞

eim(φi−φj)|eimcφieimdφj 〉

×〈ma
s |mc

s〉〈mb
s|md

s〉.(10)

Note that the angular part of (10) equals zero except if
m = ma−mc or m = md−mb. This is how the degree of
the Legendre–function in the radial part of (10) is chosen.
It is also clear from (10) that the electron–electron matrix
element (7) equals zero if state a and c or state b and d
have different spin directions.

2. Hartree–Fock

If the wave function is restricted to be in the form of
a single Slater determinant, the Hartree-Fock approxi-
mation can be shown to yield the lowest energy. In this
approximation each electron is governed by the confining
potential and an average Hartree-Fock potential formed
by the other electrons. To account for the latter the
Hamiltonian matrix H in Eq. (5) is modified by the ad-
dition of a term:

uHF
ji = 〈Bj |ûHF |Bi〉 =

∑

a≤N

〈Bja|
1

r̂12
|Bia〉−〈Bja|

1

r̂12
|aBi〉.

(11)
The sum here runs over all occupied orbitals, a, defined
by quantum numbers n, mℓ, and ms. Eq. (5) is then
solved iteratively yielding new and better wave func-
tions in each iteration until the energies become self–
consistent. The hereby obtained solution is often labeled
the unrestricted Hartree-Fock approximation since no ex-
tra constraints are imposed on uHF .

One property of the unrestricted Hartree–Fock approx-
imation deserves special attention. Consider the effects
of the Hartree-Fock potential on an electron in orbital b,

〈b|ûHF |b〉 =
∑

a≤N

〈ba| 1

r̂12
|ba〉 − 〈ba| 1

r̂12
|ab〉, (12)

where the last term in Eq. (12), the exchange term, is
non-zero only if orbital a and b have the same spin. For
configurations where not all electron spins are paired elec-
trons with the same quantum numbers n and mℓ, but
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with different spin directions, will experience different
potentials. This is in accordance with the physical situ-
ation, but has also an undesired consequence; the total
spin, S2 = (

∑

i si)
2, does not commute with the Hartree-

Fock Hamiltonian. This means that the state vector con-
structed as a single Slater determinant of Hartree–Fock
orbitals will not generally be a spin eigenstate. However,
the full Hamiltonian, Eq. 1, still commutes with S2 and
during the perturbation expansion the spin will eventu-
ally be restored, provided of course that the perturbation
expansion converges. Since, in contrast to the energy, the
total spin of a state is usually known, the expectation
value of the total spin, 〈S2〉, can be used as a measure
of how converged the perturbation expansion is. It can
also be used as an indication of when the Hartree–Fock
description is too far away from the physical situation
to be a good enough starting point. This is discussed
further in Sections III and IV.

3. second–order correction to a Hartree–Fock starting point

The leading energy correction to the Hartree–Fock
starting point is of second order in the perturbation

(defined in Eq. (1)). When ĥ = ĥs + ûHF and Û =
∑

i<j
1

r̂ij
−

∑N

i=1 ûHF (i), the corresponding corrections

to the wave function will not include any single excita-
tions. This is usually referred to as Brillouin’s theorem
and is discussed in standard Many–Body theory text-
books, see e.g. Lindgren and Morrison20. Starting from
the HF–Hamiltonian for N electrons in the dot we write
the second–order correction to the energy

δE
(2)
N =

∑

a<b≤N

∑

r,s>N
r 6=s

|〈rs| 1
r̂12

|ab〉|2 − 〈ba| 1
r̂12

|rs〉〈rs| 1
r̂12

|ab〉
ǫa + ǫb − ǫr − ǫs

(13)
where thus both r and s are unoccupied states.

Since B–splines are used for the expansion of the radial
part of the wave functions there is a finite number of
radial quantum numbers (n) to sum over in the second
sum of Eq. (13). However, in principle there is still an
infinite number of angular quantum numbers (mℓ) to sum
over in the same sum. In praxis this summation has to
be truncated and the effects of this truncation will be
discussed in section III.

4. Other starting points than Hartree-Fock

In principle any starting point, with wave functions
close enough to the true wave functions (to ensure con-
vergence of the perturbation expansion), can work as a
starting point for MBPT. We have in addition to HF
investigated three alternative starting points. First of
all we start with the simplest possible starting point;
the pure one–electron wave functions. In this case the

basis set consists of the solutions to the pure 2D har-
monic oscillator in the chosen box and we treat the whole
electron–electron interaction as the perturbation. The
second alternative starting point is the Local Density Ap-
proximation (LDA). That is we switch the second term

in Eq. (11) to α〈Bj |4a∗B

√

2ρ(r)
π
|Bi〉, where ρ(r) is the

radial electron density and α is called Slaters exchange
parameter and is usually set to one. Both these start-
ing Hamiltonians are defined with only local potentials
and will thus commute with the total spin. The third
alternative starting point is a reduced exchange HF, i.e.
the exchange term (the second term) in Eq. (11) is sim-
ply multiplied with a constant α < 1. When using these
alternative starting points, one must in contrast to the
Hartree-Fock case include single excitations in the per-
turbation expansion.

The second–order perturbation correction then be-
comes

δE
(2)
N =

∑

a,b<N

∑

r>N

|〈r|V̂ex|a〉 − 〈rb| 1
r12

|ba〉|2

ǫa − ǫr

+

∑

a<b≤N

∑

r,s>N
r 6=s

|〈rs| 1
r̂12

|ab〉|2 − 〈ba| 1
r̂12

|rs〉〈rs| 1
r̂12

|ab〉
ǫa + ǫb − ǫr − ǫs

(14)

where V̂ex is the chosen exchange operator. From this
expression it is also clear that the first term yields zero
in the pure Hartree–Fock case, i.e. then all single excita-
tions cancel.

5. Full CI treatment of the two body problem

To investigate how well second–order many-body per-
turbation theory performs we have for the simple case of
two electrons also solved the full CI problem. We then
diagonalize the matrix that consists of all the elements
of the form

Hji = 〈mn|j ĥ1
s + ĥ2

s +
1

r̂12
|op〉i (15)

for given values of ML =
∑

mℓ and MS =
∑

ms of
our electron pairs {|mn〉i}. Following the selection rules
produced by Eq. (10) we get the conditions mo

ℓ + mp
ℓ =

mm
ℓ + mn

ℓ , mm
s = mo

s and mn
s = mp

s .

III. VALIDATION OF THE METHOD

The main purpose of this work is to investigate the
usability of many body perturbation theory on (GaAs)
quantum dots. Therfore we have in this section compared
our results with results from other theoretical works.

Our energies are generally given in meV. For easy
comparison with other calculations it should be noted
that the scaled atomic unit for energy is 1 Hartree∗ =
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FIG. 1: Second–order perturbation theory correction to the
energy as function of max(n) (squares) and max(|mℓ|) (cir-
cles) in the second sum of Eq. (13) for the two electron dot
with the confinement strength ~ω = 6 meV. Note that the
sum over mℓ converges faster than the sum over n.

1 Hartree
(

m∗/(meε
2
r)

)

≈ 11.857 meV, with m∗ =
0.067me and εr = 12.4. The scaled Bohr radius is
a∗B = (εrme/m∗) aB ≈ 9.794 nm.

A. The two electron dot

Fig. 1 shows the second–order many–body perturba-
tion correction to the energy, Eq. (13), as function of
max(n) (squares) and max(|mℓ|) (circles) respectively for
the two electron dot with ~ω = 6 meV. It clearly illus-
trates that both curves converge but also that the sum
over mℓ converges faster than the sum over n. Due to
this we have throughout our calculations used all radial
basis functions and as many angular basis functions that
are needed for convergence. One should, however, notice
that the relative convergence as a function of max(n) and
max(|mℓ|) varies with the confinement strength and oc-
cupation number. Weak potentials (~ω < 2 meV) usually
produce the opposite picture i.e. a faster convergence for
n than for mℓ. For confinement strengths (~ω > 3 meV)
and most occupation numbers the trend shown in Fig. (1)
is, however, typical.

1. Comparison between different starting points

In Fig. 2 a) and b) comparisons between HF, the alter-
native starting points discussed in section II B 4, second–
order MBPT (HF or alternative starting point + second–
order correlation) and CI calculations for the ground
state in the two electron dot are made. Both the second–
order MBPT and CI results have been produced with
all radial basis functions (33 for each mℓ and ms) and
−6 ≤ mℓ ≤ 6. It is clear from Fig. 2a) that second–
order correlation here is the dominating correction to the
Hartree-Fock result. Even for ~ω = 2 meV the differ-
ence compared to the CI result decreases with one order

FIG. 2: The quotient between the calculated energies (of re-
spective method) and the CI–energy as functions of the con-
finement strength, ~ω, for the ground state in the two electron
dot. In a) the results from HF, a reduced exchange HF with
α = 0.7 and 2nd order MBPT using wave functions from
respective method are plotted. In b) the results from LDA-
calculations (with two different alphas) + 1st and 2nd order
MBPT are plotted. For reference the results from calcula-
tions where we have used the one-electron wave functions as
a starting point for the perturbation expansion (taking the
whole electron-electron interaction as the perturbation) have
been plotted in both a) and b).

of magnitude when it is included. For stronger confine-
ments the difference to CI is hardly visible. As expected,
the performance of both HF and second–order MBPT is
improved when stronger confinement strengths are con-
sidered. For the weakest confinement strength calculated
here (~ω = 1 meV) the pure Hartree–Fock approxima-
tion gives unphysical wave functions in the sense that
the spin up and the spin down wave functions differ, re-
sulting in a non–zero 〈S2〉. This shows up in figure a) as
a broken trend (all of a sudden an overestimation of the
energy instead of an underestimation) for the pure HF
+ second–order correlation curve at ~ω = 1 meV. For
all other potential strengths 〈S2〉 is zero to well below
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FIG. 3: E/E0 for respective method as functions of l0/a∗B
where l0 =

p

~/(m∗ω) is the characteristic length and E0 =
~ω is the single particle energy.

the numerical precision (∽ 10−6) for both the Hartree-
Fock and second–order MBPT wave functions, while for
the ~ω = 1 meV calculation 〈S2〉 = 0.33 and 0.26 for
the Hartree-Fock and second–order MBPT calculations
respectively. It should be noted that at ~ω = 1 meV the
energy of the second–order MBPT calculation is still only
4% larger than the CI-value (although the wave functions
are unphysical) and that probably the state will converge
to 〈S2〉 = 0 when MBPT is performed to all orders. All
other tested starting points yield 〈S2〉 = 0 for this con-
finement strength, but still their energy estimates after
second–order MBPT are worse. This shows that con-
served spin does not necessary yield good energies and
broken spin symmetry does not necessary yield bad en-
ergy estimations. We note that the reduced exchange
Hartree–Fock, displayed in Fig. 2a) , seems to be a fruit-
ful starting point for perturbation theory although the
results after second–order are slightly worse than after
the full exchange Hartree–Fock + second–order MBPT.
For ~ω = 1 meV the reduced exchange HF with α = 0.7
still gives 〈S2〉 = 0, i.e. the onset of spin contamination
is delayed on the expense of proximity to the CI-energy.
To put it in another way, if we lower α, the corresponding
curve in Fig 2 a) will be lower (and thus further from the
correct CI–curve), but the spin contamination onset will
appear for a weaker confinement strength. This freedom
could be useful when doing MBPT to all orders.

From Fig. 2 b) we conclude that LDA with α > 1
might be a useful starting point for perturbation theory
calculations to all orders but not a good option for 2nd
order calculations, at least not for weak potentials. LDA
calculations with α = 1, however, seems to be a bad
starting point for MBPT, at least for the two electron
case, since it gives almost identical results after second
order as using the pure one electron wave functions as
starting point.

Finally the comparison with the pure one–electron
wave functions in Fig. 2 clearly illustrates how much of
an improvement it is to start the perturbation expan-

sion from wave functions that already include some of
the electron–electron interaction, especially for weaker
potentials. This becomes even more clear in Fig. 3 where
we present the results from Fig. 2 a) in another way. Here
we have plotted EMethod/E0 as functions of l0/a∗B where

E0 = ~ω is the single particle energy and l0 =
√

~/(m∗ω)
is the characteristic length of the dot. It demonstrates
what an extraordinary improvement it is to start from
Hartree–Fock compared to starting with the one–electron
wave functions when doing second–order MBPT for low
electron densities (high l0/a∗B). It also seems as there
is a region where the Hartree-Fock starting point would
yield a convergent perturbation expansion while taking
the whole electron–electron interaction as the perturba-
tion would not.

B. The six electron dot

In Fig. 4, a comparison between our HF and second–
order MBPT calculations on the ground state of the six
electron dot is made with a DFT calculation in the Local
Spin Density Approximation(LSDA) as well as with a CI
calculation, both by Reimann et al.16. They performed
their calculations for seven different electron densities
here translated to potential strengths. Let us first focus
on the results for the two highest densities, correspond-
ing to a Wigner-Seitz radius rs = 1.0a∗B and rs = 1.5a∗B
which translates to confinement strengths of ~ω ≈ 7.58
meV and ≈ 4.12 meV respectively. The reason that we
want to separate the comparison for those confinement
strengths is that our Hartree-Fock calculations yield solu-
tions with 〈S2〉 > 0 for the weaker confinement strengths.
A similar behavior was seen by Sloggett et al.19 in their
unrestricted HF calculations. Therefore the results for
the weaker potentials overestimate the energy in a un-
physical manner; compare the above discussion around
Fig. 2 a). The CI-method however always yield 〈S2〉 = 0
for the closed 6 electron shell and consequently a compar-
ison with spin contaminated results would here, in some
sense, be misleading. It should be emphasized that the
spin contamination is a feature of our choice of starting
point and not a problem with MBPT in itself.

To make comparison easy all energies are normalized
to the corresponding CI–value. The figure clearly illus-
trates, for the two stronger confinement strengths, that
while the HF results overshoot the CI energy by between
3.5% and 4.5% the second order MBPT calculations im-
prove the results significantly. Already for max(|mℓ|) = 1
the energy only overshoots the CI value with between
2.5% and 3.5% while the second–order MBPT energy for
max(mℓ) = 4 is almost spot on the CI energy. However,
with max(mℓ) = 30 the second–order MBPT gives some-
where between 0.5% and 1% lower energy than the CI
calculation. We note that the CI calculation by Reimann
et al. was made with a truncated basis set consisting of
the states occupying the eight lowest harmonic oscilla-
tor shells. This means e.g. that their basis set includes
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FIG. 4: Comparison between our HF and second–order
MBPT results for the six electron dot in the ground state with
MTOT

L = 0 and STOT
z = 0, with the LSDA and CI calculations

by Reimann et al16. The second–order MBPT calculations
include the full sum over the complete radial basis set (corre-
sponding to all n-values) and with max(|mℓ|) = 1, 2, 3, . . . , 30
for the two strongest potentials. For clarity only the curves
with max(|mℓ|) = 1, 4, 6 and 30 have been labeled. The HF
and the second–order MBPT with max(|mℓ|) = 30 curves are
plotted for all potential strengths calculated by Reimann et
al. Moreover, the values of 〈S2〉 for the HF and the second–
order MBPT with max(|mℓ|) = 30 have been plotted in the
figure.

only two states with (|mℓ|) = 5 and one with (|mℓ|) = 6.
Within this space all possible six electron determinants
were formed. After neglecting some determinants with a
total energy larger than a chosen cutoff, the Hamiltonian
matrix was constructed and diagonalized. Fig. 4 indi-
cates that the basis set used in Ref.16 was not saturated
to the extent probed here, since almost all interactions
with |mℓ| > 4 were neglected. According to Reimann
et al. they used a maximum of 108 375 Slater deter-
minants while we, through perturbation theory, use a
maximum of 980 366 Slater determinants. The differ-
ence of our max(|mℓ|) = 30 results and their CI results
are thus not unreasonable. Since Reimann et al. solved
the full CI problem, the matrix to diagonalize is huge
and it is, according to the authors, not feasible to use
an even larger basis set. An alternative could be to in-
clude more basis functions, but restrict the excitations
to single, doubles and perhaps triples. The domination
of double excitations is well established in atomic cal-

culations, see e.g. the discussion in Ref.27. It should
however be noted that the difference between the results
concerns the fine details. Our converged results are less
than one percent lower than those of Reimann et al. and
when using approximately the same basis set as they did
(max(|mℓ|) = 4) the difference between the results is vir-
tually zero. Moreover, we see for the two strongest po-
tentials the same trend as we saw in the two–electron
case, namely that the HF, MBPT and CI results tend
towards one another with increasing potential strength.
This trend is not seen for the LSDA approach.

Finally, Fig. 4 shows, for the five weakest poten-
tials, that our HF results get increasingly spin contami-
nated when the potential is weakened. Hereby the HF–
approximation artificially lowers its energy and subse-
quently this leads to an overestimation of the second–
order MBPT energies for these potential strengths. Sur-
prisingly, however, the energy is never more than just
above 2% over the CI–results even when 〈S2〉 > 2. Note
also that MBPT improves the HF–value of 〈S2〉 as it
should.

C. Correlation in an external Magnetic Field

The behavior of quantum dots in an external magnetic
field applied perpendicular to the dot has previously been
examined many times both experimentally e.g.7,24,28 and
theoretically e.g7,18,29. The chemical potentials µ(N) =
E(N)−E(N−1) plotted versus the magnetic field usually
show a rich structure, including e.g. state switching and
occupation of the lowest Landau band at high magnetic
fields.

Fig.5 shows the chemical potentials for N = 1, 2, . . . , 6
as functions of the magnetic field according to our HF
(dashed curves) and second–order MBPT with −10 ≤
mℓ ≤ 10 (full curves) calculations for the potential
strength ~ω = 5 meV. We have here limited ourselves
to the first six chemical potentials calculated at selected
magnetic field strengths (shown by the marks in the fig-
ure). We emphasize again that our intention here is
rather to test the capability of MBPT in the field of quan-
tum dots than to provide a true description of the whole
experimental situation. With increasing particle number
MBPT naturally becomes more cumbersome, but mag-
netic field calculations are feasible at least up to N = 20.

First note the significant difference between the HF
and second–order MBPT results. Once again correlation
proves to be extremely important in circular quantum
dots. With our correlated results we also note a close re-
semblance both to the experimental work by Tarucha et

al.7 and to the current spin-density calculation by Stef-
fens et al.29, made with the same potential and material
parameters as used here. (Note that Ref.29 defines the
chemical potentials as µ(N) = E(N + 1) − E(N), shift-
ing all curves one unit in N). An example of the impor-
tance of correlation is the four-electron dot that switches
state from |∑N

i=1 ni, |ML|, S〉 = |0, 0, 1〉 to |0, 2, 0〉 at ap-
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FIG. 5: The chemical potentials for N = 1, 2,. . . , 6 as func-
tions of the external magnetic field according to HF (dashed
curve) and second–order MBPT (full curve) calculations for
the potential strength ~ω = 5 meV. Note the big difference
between the two different models regarding the behavior of
the chemical potentials when the magnetic field varies.

proximately 1 T in the HF calculations and at approx-
imately 0.2 T in the correlated calculations. We want
to emphasize that we have found the exact position of
this switch to be very sensitive to the potential strength
and to the value of g∗. The big difference concerning
the magnetic field where this switch occurs can proba-
bly be attributed to the HF tendency to strongly favor
spin-alignment. This is an effect originating from the in-
clusion of full exchange, but no correlation. Inclusion of
second–order correlation energy cures this problem. Fi-
nally we note that the N = 5 switch from |0, 1, 1

2 〉 to

|0, 4, 1
2 〉 in our correlated calculations takes place some-

where around 1.2 T which is also in agreement with both
mentioned studies.

IV. RESULTS

A. The addition energy spectra

The so called addition energy spectra, with the addi-
tion energy defined as ∆(N) = E(N + 1) − 2E(N) +
E(N − 1), have been widely used to illustrate the shell
structure in quantum dots. Main peaks at N = 2, 6, 12
and 20, indicating closed shells, and subpeaks at N = 4, 9
and 16, due to maximized spin at half filled shells, have

2 4 6 8 10 12
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N

∆ 
[m

eV
]

a ) Hartree−Fock
2:nd order MBPT

2 4 6 8 10 12
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5
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∆ 
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b ) Hartree−Fock
2:nd order MBPT

FIG. 6: The ground state addition energy spectra for dots
with ~ω = 5 meV (a) and ~ω = 7 meV (b). The squares
(circles) represent the addition energy spectra according to
HF (second–order MBPT). It is clear that the second–order
MBPT–spectra imply closer resemblances to the experimental
picture in Tarucha7 than the HF–spectrum.

been interpreted as the signature for truly circular quan-
tum dots30. Experimental deviations from this behavior
have been interpreted as being due to nonparabolicities
of the confining potential or due to 3D–effects3. We here
show that correlation effects in a true 2D harmonic po-
tential can in fact generate an addition energy spectrum
with similar deviations.

In this work we limit ourselves to the first three shells
since it seems as the experimental situation is such that
the validity of the 2D harmonic oscillator model becomes
questionable with increasing particle number3. Calcula-
tions of dots with larger N could, however, readily be
made with our procedure. The addition energy spectra
are produced with −10 ≤ mℓ ≤ 10. The filling order
for the first six electrons is straight forward. When the
seventh electron is added to the dot the third shell starts
to fill. With a pure circular harmonic oscillator potential
and no electron-electron interaction the | 0,±2,± 1

2 〉 and

| 1, 0,± 1
2 〉 one-particle states are completely degenerate.

This degeneracy is lifted by the electron-electron inter-
action, but not more than that the energies have to be
studied in detail in order to determine the filling order.
Similar conclusions, that the filling order is very sensitive
to small perturbations, have been drawn by Matagne et

al.3, who studied the influence of non-harmonic 3D ef-
fects. Our focus is instead the detailed description of the
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electron-electron interaction. For N = 7 − 11 we have
thus calculated all third shell configurations, and for each
configuration considered the maximum spin. The results
are found in Table I. For each number of electrons we can
identify a ground state, which sometimes differs between
HF and MBPT. These ground states are used when cre-
ating Fig. 6a) and b). The energy gap to the first excited
state is sometimes very small and the possibility of alter-
native filling orders will be discussed in the next section.

Fig. 6a) and Fig. 6b) thus show the ground state ad-
dition energy spectra up to N = 12 according to the
Hartree-Fock model as well as to second–order MBPT
for ~ω = 5 and 7 meV. Note first the big difference be-
tween the HF and MBPT spectra. These figures clearly
illustrate how important correlation effects are in these
systems. Admittedly the HF–spectra show peaks at
N = 4, 6, 9 and 12 but the relative size of the addition
energy between closed and half–filled shells is not con-
sistent with the experimental picture3,7. The second–
order MBPT–spectra have in contrast clear main peaks
at N = 2, 6 and 12, indicating closed shells, and a N = 4
subpeak indicating maximized spin for the half filled
shell. For the ~ω = 7 meV spectrum the subpeak at
N = 9 is also clear but for the ~ω = 5 meV spectrum the
subpeak at N = 9 is substituted by subpeaks at N = 8
and 10. The behavior of the addition energy spectra in
this, the third shell, will be discussed in detail below.

1. Filling of the third shell

The filling of the third shell has previously been exam-
ined by Matagne et al.3 both experimentally and theo-
retically. In their theoretical description they use a 3D
DFT model with the possibility to introduce a nonhar-
monic perturbation that can change the ground states
in the third shell and thereby alter the addition energy
spectra. They then compare their theoretical description
with different experimental addition energy spectra and
argue how large deviation from the circular shape they
have in the different experimental setups. They conclude
that a clear dip at N = 7 followed by a peak at N = 8
or 9 is a signature of maximized spin at half filled shell
and that a dip at N = 7 and the filling sequence

∣

∣

∣

∣

∣

N
∑

i=7

ni, |
N

∑

i=7

mi
ℓ|, S

〉

= | 0, 2,
1

2
〉 ⇒| 0, 0, 1〉 ⇒

| 1, 0,
3

2
〉 ⇒| 1, 2, 1〉 ⇒| 1, 0,

1

2
〉 ⇒| 2, 0, 0〉 (16)

for the six electrons to enter the third shell is a signature
of a “near ideal artificial atom”. This is also the filling
sequence we find using the HF- approximation. As seen
in Fig. 6a) and b) there is then indeed also a dip at
N = 7 and a peak at N = 9. The dip at N = 7 is
further supported by the DFT calculation by Reimann
et al.30. In contrast the experiment by Tarucha et al.7

did not show the N = 7 dip. In Ref.3 this is explained

by deviations from circular symmetry for the specific dot
used in Ref.7. As will be seen below our many-body
calculations give in several cases different ground states
and thus favor a different filling order than Eq.16.

Table I shows the ground state and excited states ener-
gies of the third shell according to HF and second–order
MBPT for ~ω = 5 meV and ~ω = 7 meV. Notice that
the different methods yield different ground states for
the 8, 10 and 11–electron systems although both poten-
tial strengths yield the same ground states. Note also the
small excitation gap between the correlated ground and
first excited state that occurs in some cases. For example
between the | 0, 2, 1

2 〉 and | 1, 0, 1
2 〉 seven-electron states

in the ~ω = 5 meV dot the energy difference is 0.07 meV,
between the | 0, 0, 1〉 and | 0, 4, 0〉 eight-electron state in
the ~ω = 7 meV dot the energy difference is 0.12 meV
and between the | 1, 0, 1

2 〉 and | 2, 2, 1
2 〉 eleven-electron

states in the ~ω = 7 meV dot the energy difference is
only 0.04 meV. The (1, 0, 3

2 ) state at N = 9 seems, how-
ever, relatively stable for both potential strengths with
excitation gaps of 0.41 and 0.54 meV. Surprisingly for
both the ~ω = 5 and 7 meV the calculations including
correlations indicate the ground state third shell filling
sequence

| 0, 2,
1

2
〉 ⇒| 0, 4, 0〉 ⇒| 1, 0,

3

2
〉 ⇒

| 0, 0, 0〉 ⇒| 2, 2,
1

2
〉 ⇒| 2, 0, 0〉 (17)

for N = 7 − 12. Note that this sequence implies a spin-
flip of the electrons already in the dot when the ninth
and tenth electrons are added. Only the seven-electron
dot and the nine-electron dot here have the same ground
state as in HF (whose filling sequence coincides with that
preferred in Ref3). Matagne et al. also discuss that the
behavior of the dot examined in Ref.7 for small magnetic
fields implies the sequence

| 0, 2,
1

2
〉 ⇒| 0, 4, 0〉 ⇒| 1, 2,

1

2
〉 ⇒

| 0, 0, 0〉 ⇒| 1, 0,
1

2
〉 ⇒| 2, 0, 0〉, (18)

but tend to attribute this to deviations from circular
shape. This filling sequence is indeed much closer to the
ground states we have obtained with a perfect circular
potential. This indicates the possibility that many-body
effects usually neglected could have an effect similar to
that of imperfections in the dot construction. We note
in passing that Sloggett and Sushkov19 support our find-
ing of a spin-zero ground-state for ten electrons, although
their calculation was done with a stronger potential. The
different configurations for nine electrons in Eq. 17 and
Eq. 18 can be due to the fact that the experimental situ-
ation favors population of an excited state since popula-
tion of the ground state would require a spin flip. How-
ever, if we produce a spectrum with this filling sequence,
we get a large dip at N = 9. Similarly, when the eleventh
electron is injected, the population of our ground state
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TABLE I: Energy of the ground and third shell excited state for 7–11 electron dots with ~ω = 5 and 7 meV. The notation
(
PN

i=1
n, |ML|, S) to label the state is used. The ground state energy according to Hartree–Fock (HF energy) and to HF +

second–order MBPT (Correlated energy) and for respective N and potential strength is marked in bold.

# e− ~ω = 5 meV ~ω = 7 meV
7 State (0, 2, 1

2
) (1, 0, 1

2
) (0, 2, 1

2
) (1, 0, 1

2
)

HF energy [meV] 168.02 168.67 215.80 216.58
Correlated energy [meV] 162.08 162.15 208.96 209.52

8 State (0, 0, 1) (0, 4, 0) (1, 2, 1) (2, 0, 0) (0, 0, 1) (0, 4, 0) (1, 2, 1) (2, 0, 0)
HF energy [meV] 210.69 212.33 211.66 214.00 270.66 272.20 271.51 274.32
Correlated energy [meV] 205.23 204.40 204.66 205.02 263.82 263.70 263.85 264.65

9 State (1, 0, 3

2
) (0, 2, 1

2
) (1, 4, 1

2
) (2, 2, 1

2
) (1, 0, 3

2
) (0, 2, 1

2
) (1, 4, 1

2
) (2, 2, 1

2
)

HF energy [meV] 257.69 259.24 259.28 260.56 330.25 332.17 332.14 333.64
Correlated energy [meV] 250.54 251.35 250.95 251.00 322.27 322.81 323.06 323.37

10 State (1, 2, 1) (0, 0, 0) (2, 0, 1) (2, 4, 0) (1, 2, 1) (0, 0, 0) (2, 0, 1) (2, 4, 0)
HF energy [meV] 309.27 310.64 310.17 311.06 395.72 397.20 396.73 397.78
Correlated energy [meV] 300.49 300.00 300.25 300.52 385.92 385.76 386.06 386.49

11 State (1, 0, 1

2
) (2, 2, 1

2
) (1, 0, 1

2
) (2, 2, 1

2
)

HF energy [meV] 363.72 364.49 464.77 465.57
Correlated energy [meV] 353.66 353.19 453.47 453.43

TABLE II: Expectation values of S2 for the cases where correlation switches ground states in the third shell. The state labeled
“Ground State” is the ground state according to second–order MBPT while the state labeled “Excited State” is the ground
state according to Hartree-Fock but an excited state according to second–order MBPT.

# e− ~ω = 5meV ~ω = 7meV
Ground State Excited state Ground State Excited state

E [meV] 〈S2〉 E [meV] 〈S2〉 E [meV] 〈S2〉 E [meV] 〈S2〉
8 HF 212.33 0.00 210.69 2.70 272.20 0.00 270.66 2.30

2nd–ord MBPT 204.40 0.00 205.23 2.58 263.70 0.00 263.82 2.22
Exact 0 2 0 2

10 HF 310.64 0.00 309.27 2.21 397.20 0.00 395.72 2.08
2nd–ord MBPT 300.00 0.00 300.49 2.15 385.76 0.00 385.92 2.05
Exact 0 2 0 2

11 HF 364.49 0.77 363.72 0.99 465.57 0.758 464.77 0.82
2nd–ord MBPT 353.19 0.76 353.66 0.93 453.43 0.755 453.47 0.79
Exact 0.75 0.75 0.75 0.75

would require a configuration change of the electrons al-
ready in the dot.

In Fig. 7 and Fig. 8 addition energy spectra are shown
assuming different filling orders for 5 meV and 7 meV,
respectively. In each figure the calculated ground state
filling sequence is shown in the uppermost panel, labeled
a), and then the other panels, e) – f), show selected ex-
cited state filling sequences. Note that even though the
same filling sequences are used in Fig. 7 and Fig. 8 the
addition energy spectra differ vastly between these rather
close potential strengths. We can thus conclude that a
given filling sequence does not yield a unique addition
energy spectra since the relative energies of the ground
and excited states are very sensitive to the exact form
of the potential. Furthermore we agree with Matagne et

al.3 that full spin alignment for the nine-electron ground
state does not guarantee a peak in the addition energy
spectrum as seen in Fig. 7 a) and b). Moreover we see
that the spectra that resemble the experimental one in

Fig. 3a) of Ref.3 (a clear dip at N = 7 and 10 and a
clear peak at N = 9) are Fig. 7e) and Fig. 8b). Finally
we see that Fig. 8c) resembles the experimental situation
in Ref.7 (dips at N = 8 and 10 with a peak at N = 9)
the most. We certainly do not claim that these filling
sequences are those really obtained in the mentioned ex-
periments. However, we want to stress that great care
must be taken when conclusions are drawn from com-
parisons between theoretical and experimental addition
energy spectra.

2. Spin contamination in the third shell

Fig. 9 shows the expectation value of the total spin,
〈S2〉, according to Hartree-Fock and second–order MBPT
calculations as functions of the potential strength for the
7 electron ground and excited state. The figure depicts
the drastic onset of spin contamination for weak poten-
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FIG. 7: Ground state, a), and selected excited state, b)-e),
addition energy spectra for ~ω = 5 meV according to second–
order MBPT. The notation (

PN

i=7
ni, |

PN

i=7
mi

ℓ|, S) to label
the states is used. Note the big differences between the differ-
ent spectra. For example the ground state spectrum, a), has
peaks at N = 8, 10 while spectrum b) has a peak at N = 8
and the rest have a peak at N = 9. That is, even if the spin
is maximized at half filled shell (N = 9) there is not always
a peak there as seen in subfigure a) and b). Subfigure e) re-
sembles the experimental results of Ref.3 best with dips at
N = 7 and 10 and a peak at N = 9. Moreover, combining the
addition energies for N = 6, 7, 8 of sequence c) or d) with the
addition energies for N = 10, 11, 12 of sequence e) would give
a spectrum that closely resembles the experimental situation
in Ref.7 with dips at N = 8 and 10 and a peak at N = 9.
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FIG. 8: Ground state, a), and selected excited state, b)-e),
addition energy spectra for ~ω = 7 meV according to second–
order MBPT. The notation (

PN

i=7
ni, |

PN

i=7
mi

ℓ|, S) to label
the states is used. Note the big differences between the differ-
ent spectra. Note also that all spectra have peaks at N = 9.
Even though the ground state spectra for N = 7, 8 and 9 re-
semble the experimental results of Ref.7, the dip at N = 11 is
uncharacteristic when compared with the experimental results
of Ref.7 and Ref.3. Subfigure b) resembles the experimental
result in Ref.3 the most with a peak at N = 9 and dips at
N = 7 and 10 while subfigure c) resembles the experimental
results of Ref.7 the most with a peak at N = 9 and dips at
N = 8 and 10.
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FIG. 9: 〈S2〉 according to Hartree-Fock and second–order
MBPT calculations as functions of the potential strength for
the 7 electron ground and excited state.

tials. While especially the correlated results, but also
the HF–results, converge towards the correct value for
potentials ≥ 10 meV the situation is worse for weaker
potentials. We see that for the ground state the exam-
ined confinement strengths in this article (~ω = 5 or 7
meV) lie on the onset of the spin density wave. It is
hard to say how much this spin contamination affects
the energy values but when compared with the conclu-
sions drawn from Fig. 2 and 4, the energy should not be
overestimated with more than a couple of percent due to
spin contamination. For the excited state the spin con-
tamination is so small (for the 5 and 7 meV calculations)
that it should not affect the conclusions from this work.
Moreover we see that, as expected, correlation improves
the value of 〈S2〉.

Table II presents the spin contamination for the sys-

tems in the third shell where correlation switched the
ground state, namely the 8, 10 and 11 electron systems.
We see that the ground states, according to our corre-
lated results, are not spin contaminated to any relevant
magnitude. All the excited states are however spin con-
taminated. As shown in Fig. 4, spin contamination can
lower the HF energy and raise the second–order MBPT
energy. The ground state energy switches could thus be
an artifact of our starting point. Energywise however
the correlated energies should lie much closer to the true
values than the HF–energies.

V. CONCLUSIONS

We have shown that the addition of second–order cor-
relation improves the Hartree-Fock description of two-
dimensional few-electron quantum dots significantly. Our
results indicate that details in the addition energy spec-
tra often attributed to 3D–effects or deviations from cir-
cular symmetry, are indeed sensitive to the detailed de-
scription of electron correlation on more or less the same
level. Without precise knowledge of the many-body ef-
fects far reaching conclusions about dot properties from
the addition energy spectra might not be correct.

As a next step we want to include pair-correlation to
higher orders to be able to determine energies with quan-
titative errors below 0.1meV. We will then use several
different starting potentials to be able to address also
weak confining potentials where the Hartree–Fock start-
ing point fails.
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The energy levels of laterally coupled parabolic double quantum dots are calculated for varying inter-dot
distances. Electron-electron interaction is shown to dominate the spectra: In the diatomic molecule limit of
large inter-dot separation the two nearly degenerate singlet and triplet ground states are followed by a narrow
band of 4 singlet and 4 triplet states. The energy spacing between the ground state and the first band of excited
states scales directly with the confinement strength of the quantum wells. Similar level separation and band
structure is found when the double dot is exposed to a perpendicular magnetic field. Conversely, an electric field
parallel to the inter-dot direction results in a strong level mixing and a narrow transition from a localized state
to a covalent diatomic molecular state.

PACS numbers: 73.21.La, 73.22.-f, 75.75.+a, 85.35.Be

I. INTRODUCTION

Coupled quantum dots typically containing a few ”active”
electrons have set a new scene for research in molecular
physics, and have in many contexts been named ”artificial
molecules”.1 Electron tunneling from one well to another typ-
ically occurs on nanosecond time scales which opens for pre-
cise manipulation and measurement of electronic states.2 Two
coupled quantum dots containing two electrons thus define a
two-dimensional analogue to theH2 molecule. The system
allows for fundamental quantum experiments not accessible
in real molecules with the further prospect of quantum control
of the electronic properties. Such devices may thus serve as
building blocks for future quantum processors.3

Since the discovery of single-dot shell structures,4 elec-
tronic properties and many-body effects of electrons confined
in two-dimensional parabolic quantum dots have been studied
from many different theoretical perspectives and with a great
variety of methodological approaches.5 The first calculations
which uncovered the role of the electron-electron interaction
were performed in a single dot as early as 1990/1991.6,7 Cou-
pled quantum dots have recently received increasing atten-
tion triggered by the experimental verification of controlled
qubit operations induced by electromagnetic switches.3,8 The
parabolic coupled quantum dot systems were introduced by
Wensaueret al.9 and used for calculating energy levels with
the spin density functional theory. Based on exact diagonal-
ization techniques it was later shown that the two-electron
ground state exhibits a phase transition from a singlet to a
triplet state at finite magnetic field strengths10,11and for inter-
dot distances up to 10 nm. Recently, the stability diagram ofa
one- and two-electron double quantum dot was calculated for
much larger inter-dot separations (30 and 60 nm) in a related
exponential double well potential.12

In this work we describe the electronic structure of a later-
ally coupled two-electron quantum dot molecule for different
confinement strengths, and for varying inter-dot separations

and external electromagnetic fields. The energy spectra and
the associated eigenstates are obtained from exact diagonal-
ization of the Hamiltonian in a Hermite polynomial basis set.
Some advantages of these basis states are that they form an
orthonormal basis set, all matrix elements can be calculated
analytically, and the Hamiltonian matrix becomes relatively
sparse. Convergence is ensured by comparison with a cylin-
drical basis expansion method as well as a Fourier split-step
operator method based on imaginary time propagation of the
four-dimensional Schrödinger equation.12 The behavior of the
spectra when the system is exposed to electric and magnetic
fields is then investigated. In the next section we outline the
theoretical methods. The results and their implication forex-
periments are discussed in Sec. III followed by concluding
remarks in Sec. IV.

II. THEORY

The Hamiltonian describing two electrons parabolically
confined in a two dimensional double quantum dot is written

H = h(r1) + h(r2) +
e2

4πǫrǫ0r12
, (1)

with the single-particle Hamiltonian,h(ri), given as

h (x, y) = − ~
2

2m∗∇
2 +

+
1

2
m∗ω2 min

[

(x− d/2)2 + y2, (x + d/2)2 + y2
]

+

+
e2

8m∗B2(x2 + y2) +
e

2m∗BLz + g∗
e

2me
BSz +

+ eEx. (2)

Hereri = (xi, yi), i = 1, 2, are the single-particle coordi-
nates in two dimensions,r12 ≡ |r1 − r2|, m∗ is the effec-
tive mass of the electron,ω is the confining trap frequency
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of the harmonic wells andd is the inter-dot separation. Fur-
thermore,E is an electric field applied parallel to the inter-dot
axis andB is a magnetic filed applied perpendicular to the
dot. In the present work we apply GaAs material parameters
with m∗ = 0.067me, relative permittivityǫr = 12.4, and an
effective g-factorg∗ = −0.44. The potential in Eq. (2) , used
also in previous studies,9–11 has a cusp forx = 0. We have
also tested a more realistic smooth barrier and found that no
significant changes occur.

It is worth noting that ford=0 and in absence of external
fields the two-electron Hamiltonian can be written in centerof
mass,R = 1

2 (r1 + r2), and relative motion,r = (r1 − r2),
coordinates as14,15

H = − ~
2

4m∗∇
2
R

+ m∗ω2
R

2 − ~
2

m∗∇
2
r

+
1

4
m∗ω2

r
2 +

+
e2

4πǫrǫ0|r|
=

1

2
(−~

2∇2
R

2m∗ +
1

2
m∗(2ω)2R2) +

+ 2(−~
2∇2

r

2m∗ +
1

2
m∗(

1

2
ω)2r2) +

e2

4πǫrǫ0|r|
, (3)

The total wave function then becomes separable asΨ(r,R) =

ΨN,M
R (R)Ψn,m

r (r) whereΨN,M
R (R) is an eigenfunction to

the center of mass part of Eq. (3) andΨn,m
r (r) is an eigen-

function to the relative motion part of Eq. (3), and each are
further separable in a radial and an angular part with quan-
tum numbersn (N) and m (M) referring to the radial and
angular degree of freedom respectively. A state is thus char-
acterized by the four quantum numbers(N, M, n, m) with
(n, N = 0, 1, ...) and(m, M = 0,±1, ...), and the total en-
ergy can be written as

E(N, M, n, m) = (2N + |M |+ 1)~ω +

+ (2n + |m|+ 1)~ω + Er(n, m) (4)

where the first term originates from the center of mass part
of Eq. (3), the second term originates from the harmonic os-
cillator part of the relative motion in Eq. (3) andEr(n, m)
accounts for the electron–electron interaction contribution to
the energy. The spatial symmetry of the total wave function
under exchange of particle one and particle two is given by
the parity ofΨn,m

r (r), and thus the spin singlets (triplets) will
have even (odd)m. For a more complete description see e.g.
Taut14 and Zhuet al.15. In the following the different calcula-
tional schemes used here are outlined.

A. Calculation in Cartesian coordinates

The fact that a large part of the one-electron Hamiltonian
(2), without external fields, is diagonal in a harmonic oscilla-

tor basis set,

h(x, y)φi(x, y) =

~ω

[

nx + ny + 1 +
m∗ω

2~
(d/2)2

]

φi(x, y)±

m∗ω2

2
xdφi(x, y), (5)

suggests that a basis representation consisting of products of
such one-electron states will be a convenient basis in the diag-
onalization procedure. We therefore expand the spatial wave
function in symmetrized states, which can be associated with
the spin singlet and triplet states as,

|Ψ(r1, r2)〉 =

nmax
∑

j≥i

cij |ij〉 ⊗ |S〉, (6)

where

〈r1, r2|ij〉 =

{ 1√
2
[φi(r1)φj(r2) + (−1)Sφj(r1)φi(r2)] i 6= j

φi(r1)φj(r2) i = j,

the cij ’s are the expansion coefficients, and|S〉 denotes the
spin singlet or triplet state, i.e.|0〉, |1〉. Operating with Eq. (1)
on Eq. (6) and projecting onto a specific total spin leads to
the matrix equationMc = Ec. The coupling matrix ele-
ments related to the basis Eq. (6) with the Hamiltonian Eq.
(2) then become a sum of analytical one-electron matrix ele-
ments defined by Eq. (5) and matrix elements involving the
two-electron interaction,

MK,L =

〈

φKiφKj

∣

∣

∣

∣

1

r12

∣

∣

∣

∣

φLiφLj

〉

. (7)

To solve this integral for arbitrary quantum numbers we first
express the electron-electron interaction as the Bethe inte-
gral,17

1

r12
=

1

2π2

∫

d3s

s2
eis·r1e−is·r2 . (8)

We carry out the integration in thesz direction and thereafter
putz1 = z2 = 0;

1

r12
=

1

2π2

∫

d2seis·(r1−r2)

∫ ∞

−∞
dsz

eisz(z1−z2)

s2 + s2
z

=
1

2π

∫

d2s

s
eis·r1e−is·r2 , (9)

where the scalar products (includings2) now refer to the two-
dimensional space. The integral of Eq. (7) can thus be ex-
pressed as,

MK,L =
1

2π

∫

d2s

s

∫

d2r1φKi(r1)φLi(r1)e
is·r1

∫

d2r2φKj (r2)φLj (r2)
−is·r2 . (10)
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Introduction of the scaled Hermite polynomials,Hn(x) =

2n/2Hen(
√

2x), and the scaling̃s = s(2ω)−1/2, gives each
of the four Fourier transforms the generic form,18

∫ ∞

0

dvHen(v)Hen+2m(v)e−v2/2 cos(s̃v) =

√

π

2
n!(−1)ms̃2me−s̃2/2L2m

n (s̃2)

∫ ∞

0

dvHen(v)Hen+2m+1(v)e−v2/2 sin(s̃v) =

√

π

2
n!(−1)ms̃2me−s̃2/2L2m+1

n (s̃2),

(11)

with Lb
a a Laguerre polynomial andv = (2ω)1/2x. Herex de-

notes any of the variablesx1, y1, x2, y2 ands̃ denotes̃sx, s̃y.
When the operations described by Eqs. (7-11) are carried out
for four arbitrary one-electron basis states, the result isa com-
bination of four Laguerre polynomials,

MK,L =
1

2π

∫

d2s

s

∫

d2s̃

s̃
s̃2(Ki+Li)

x s̃2(Kj+Lj)
y

Lb1
a1

(s̃2
x)Lb2

a2
(s̃2

y)Lb3
a3

(s̃2
x)Lb4

a4
(s̃2

y)e−v2

. (12)

In total this shows that the integral is a sum of terms of the
form,

MK,L ∝
∫

d2s̃

s̃
s̃n

x s̃m
y e−s̃2

=

∫ ∞

0

ds̃s̃n+me−s̃2

∫ 2π

0

dφ cosm φ sinn φ,(13)

which are well-known integrals.
By collecting all ω-dependent terms of the potential and

the basis functions one can easily show that the integral scales
with the confinement strength asω1/2. The one-electron inte-
gral, cf. Eq. (5), has one term linear inω (the first diagonal
term), one quadratic inω (the second diagonal term), and one
term that depends onω3/2 (the non-diagonal term). All matrix
elements are thus calculated only once forω = 1 and rescaled
for every step in the diagonalization process.

In order to compute the field-dependent matrix ele-
ments, we need to recall some of the basic properties of
Hermite polynomials. To compute the matrix elements
for the case with the electric field along thex-axis, we
need to evaluate single-particle contributions of the form
〈nxmy|Ex|n′xm′

y〉. Remembering that our single-particle
basis functions are (setting~ = 1, m∗ = 1) given by
φ(x, y) =

√
ω

π1/2
√

n!m!2n2m
Hn(

√
ωx)e−ω/2(x2+y2)Hm(

√
ωy),

we readily obtain,

〈nm|Ex|n′m′〉 =
√

n′+1
2ω Eδm,m′δn,n′+1 (14)

+
√

n′

2ω Eδm,m′δn,n′−1. (15)

These contributions from each of the two electrons are sub-
sequently added together. For magnetic fields we take into

account both the narrowing of the confining potential arising
from the diamagnetic term∝ 1

8B2r2 and the Zeeman term
∝ BLz. The matrix elements for the Zeeman term are com-
puted similarly to those for the electric field,

〈nm|Lz|n′m′〉 = −i
√

n(m + 1)
B

2
δm,m′−1δn,n′+1(16)

+i
√

m(n + 1)
B

2
δm,m′+1δn,n′−1.(17)

To account for the diamagnetic term, we notice that the con-
finement strength of the harmonic oscillator changes fromω

to ωeff =
√

ω2 + ω2
C , whereωC is the cyclotron frequency

eB
2m∗

. By making the substitutionω → ωeff in the basis func-
tions we obtain the correct energy for the case withB 6= 0.
Thus the diagonal term scales asωeff , the electron-electron
interaction term scales as

√
ωeff and thed-dependent term

scales asω2/
√

ωeff . For GaAs parameters the gyromagnetic
ratio is rather small and thus only theSz = 0 terms are shown
in the results for clarity.

B. Calculation in cylindrical coordinates

To validate the calculations we have also treated the single
quantum dot with an alternative method where the radial wave
functions are expressed in so-called B-splines. The solutions
to the single-particle Hamiltonian Eq. (2) withd = 0 and
E = 0 can be written as,

|Ψn m ms〉 = |un m ms(r)〉|eimφ〉|ms〉, (18)

where the radial parts of the wave functions are expanded in
B-splines,19

|un m ms(r)〉 =
∑

i=1

ci|Bi(r)〉. (19)

on a so-called knot sequence and they form a complete set in
the space defined by the knot sequence and the polynomial
order.19 Here we have typically used40 points in the knot se-
quence, distributed linearly in the inner region and then ex-
ponentially further out. The last knot, defining the box size
to which we limit our problem is placed at a distance about
400 nm from the center. The polynomial order is six and
combined with the knot sequence this yields33 radial basis
functions,un m ms(r), for each combination(m, ms). The
basis functions associated with lower energies are physical
states, here thus two-dimensional harmonic oscillator eigen-
states, while those associated with higher energies are deter-
mined mainly by the box. The unphysical high energy states
are, however, still essential for the completeness of the basis
set. Equation (18) and (19) imply that the Schrödinger equa-
tion can be written as a matrix equation,Hc = ǫBc, where
Hij = 〈Bie

imθ|h|Bje
imθ〉 andBij = 〈Bi|Bj〉. This equa-

tion is a generalized eigenvalue problem that can be solved
with standard numerical routines. The integrals are calculated
with Gaussian quadrature yielding essentially no numerical
error since B-splines are piecewise polynomials.
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The eigenstates of the matrix equation form a complete or-
thogonal basis set for each pair of quantum numbersm, ms

which can be used to diagonalize the two-particle Hamilto-
nian, Eq. (1). We then get matrix elements of the form,

Hij =

〈

{ab}i

∣

∣

∣

∣

h(1) + h(2) +
1

r12

∣

∣

∣

∣

{cd}j

〉

, (20)

where the last term refers to the last term in Eq. (1). Each
single-particle state is of the form (18), and we use the mul-
tipole expansion suggested by Cohlet al.20 to get an explicit
expression for the last term;

〈

a b

∣

∣

∣

∣

1

r12

∣

∣

∣

∣

c d

〉

=

e2

4πǫrǫ0

〈

ua(ri)ub(rj)

∣

∣

∣

∣

∣

Qm− 1

2

(χ)

π
√

rirj

∣

∣

∣

∣

∣

uc(ri)ud(rj)

〉

×
〈

eimaφieimbφj

∣

∣

∣

∣

∣

∞
∑

m=−∞
eim(φi−φj)

∣

∣

∣

∣

∣

eimcφieimdφj

〉

×
〈

ma
s

∣

∣mc
s〉〈mb

s

∣

∣ md
s

〉

. (21)

Here Qm− 1

2

(χ), with χ =
r2

1
+r2

2
+(z1−z2)

2

2r1r2

, are Legendre
functions of the second kind and half–integer degree. We eval-
uate them using a modified21 version of softwareDTORH1.f
described by Seguraet al.22. The matrix is diagonalized for a
given value ofML = m(1)+m(2), including up to| m |≤ 6,
and MS = ms(1) + ms(2). For zero magnetic field the
S = 0, 1 states are characterized by symmetric and anti-
symmetric spatial wave functions, respectively. The dimen-
sion of the matrix to diagonalize is, with the choice of 40
points in the knot sequence, up to∼ 14 000 × 14 000. To
compare with the solutions in Cartesian coordinates we limit
the number of basis states in the same way as in the Carte-
sian case, but we have also compared these results to what is
obtained when the complete B-spline basis set is used.

C. Imaginary time propagation

To provide yet another reference value for the singlet
ground state energy we have also performed a calculation
based on imaginary time propagation.13 Consider the formal
solution to the time-dependent Schrödinger equation for a
time-independent system expanded in the eigenstates,

|Ψ(t)〉 = e−iHt/~|Ψ(0)〉 =
∑

j

cje
−iEjt/~|φj〉. (22)

When the substitutionτ = −it is performed and|Ψ(τ)〉
is propagated in a standard time propagator, all states
with higher energy than the ground state will be damped
exponentially compared to the ground state. Therefore,
|Ψ(τ)〉/

√

〈Ψ(τ)|Ψ(τ)〉 will converge towards the ground
state. Furthermore, when the solution has converged, the
ground state energy is obtained from

E0 = − 1

2∆τ
log

( 〈Ψ(τ + ∆τ)|Ψ(τ + ∆τ)〉
〈Ψ(τ)|Ψ(τ)〉

)

, (23)
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FIG. 1: Ground state energy for different Cartesian basis sizes as
function of inter-dot distance compared with results from imagi-
nary time propagation. Dotted line:nmax = 5. Dashed-dotted
line: nmax = 7. Full line with crosses:nmax = 10. Circles:
nmax = 15. Solid black line: Imaginary time propagation. The
confinement strength~ω = 3 meV.

where∆τ is the time step used in the propagation. In the cal-
culations, a4D Cartesian Fourier split step propagator is used,
with which convergence was found employing a grid of size
(100× 50)× (100× 50), 8 nm grid spacing, and propagation
time step∆τ = 44 fs. By applying this method we obtain the
singlet ground state energy as a function of dot separationd.

D. Validation of method

A weakness of all single-center expansions is the large
number of basis states required to describe the spectrum ac-
curately for large inter-dot distances. As a convergence check
we show in Fig. 1 a comparison between the distance-
independent imaginary time method and various basis sizes of
the Cartesian basis for a double well with confining strength
~ω = 3 meV. Increasingd is seen to require increasing
nmax to obtain convergence of the ground state: While for
nmax = 5 the calculation breaks down already at 60 nm,
nmax = 10 is seen to work satisfactory up to100 nm. In the
following the calculations are thus based onnmax = 10 with
some selected control calculations withnmax = 15. The lat-
ter amount to a50625× 50625 matrix, which is diagonalized
with an ARPACK sparse matrix solver.23 With thenmax = 15
basis the truncation error is kept small for inter-dot distances
up to about140 nm when considering the lower part of the
energy spectrum (~ω = 3 meV).

For the case of non-interacting particles we have tested the
effect of having a smooth potential barrier between the cou-
pled dots, see Fig. 2. The insert gives a close-up view of
the barrier ford = 52 nm, either in form of a cusp or in a
smoother version. The ground state energies for both cases
are also shown, and they can hardly be distinguished. Figure2
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FIG. 2: The ground state energy for a single electron in a double dot
(~ω = 3 meV) as a function of interdot distance,d. The solid (red)
line shows the result with a sharp boundary between the two dots,
while the dashed (black) line shows the result when the boundary
is smoothed. The difference in ground state energy is largest when
the ground state energy is close to the barrier height, around d =

50 nm, but is even there it is on the sub-percentage level. Theinsert
shows the sharp (solid red line) and the smoothed (dashed black line)
barrier ford = 52 nm with the corresponding ground state energies
indicated by the horizontal lines.

shows also the ground state as a function ofd. As expected,
the difference in ground state energy is largest when the en-
ergy level is close to the barrier height (aroundd = 50 nm),
but still it is everywhere on the sub-percentage level. We con-
clude that the qualitative properties of the coupled dots will
not be affected by the cusp and a better modeling is only justi-
fied when experimental information on the barrier is available.

The spectra of the cylindrical and Cartesian basis calcula-
tions have also been compared, and the results ford = 0 are
shown in Table 1 and 2 forB = 0 andB = 3 T, respectively.
For d = 0 we note that in both cases the energy spacing be-
tween the two lowest states equals~ω for the singlet as well as
the triplet series. The first order energy contribution is identi-
cal for the two lowest singlets and the two lowest triplet states
which imply that the energy spacing between the lowest levels
to first order is exactly~ω. This is the expected spacing for
confinement strengths~ω larger than1 meV, when the energy
level ordering is largely determined by the harmonic poten-
tial. For weaker confinement strengths the electron-electron
interaction will play a larger role, and the~ω splitting will no
longer be observed.15

The tabulated Cartesian coordinate values are calculated
with nmax = 10. With the cylindrical coordinate method
both |m|max and the number of radial basis function (nr) are
adjusted to include the same physical states as used with the
Cartesian coordinate method. For this we use the relations
nr = nx+ny−max (nx, ny) andm = nx−ny. The energies
are in very satisfactory agreement, with a relative difference of
less than 1% for all considered levels. With the B-spline basis
it is also possible to saturate the radial basis set and compare

the results to the truncated ones. We then use|m| ≤ 6 and the
full set of33 radial basis functions (for a knot sequence of40
points). The ground state then changes from11.147 to 11.140
meV and the last tabulated state changes from15.4069 meV
to 15.4065 meV, which shows that the basis set expansion is
indeed converged to within less than one percent.

III. RESULTS

A. Field free case

Figure 3 shows the 12 lowest energy levels as a function of
inter-dot distance in the case of two non-interacting particles
(with ~ω = 3 meV) and in the case of interacting electrons
with three different confinement strengths,~ω = 1, 3 and6
meV. The spectra with and without electron interaction are
seen to differ strongly: In the case of~ω = 3 meV the ground
state energy increases from6 meV to 11.15 meV for d = 0
and to7.5 meV for d = 80 nm. Comparing the spectra for
the three confinement strengths we discover some common
features. Atd = 0 the first excited energy level consists, for
the case of non-interacting particles, of four degenerate states,
i.e. two singlet and two triplet states. However, when the par-
ticle interaction is taken into account the singlet and triplet
levels split in energy in the same manner as the energy levels
of atomic helium split into parahelium (singlet) and orthohe-
lium (triplet) levels, with the triplet state always lying lower
in energy than the corresponding singlet state. The first ex-
cited state becomes a degenerate triplet state, corresponding
to cylindrical basis states with conserved quantum numbers
M = ±1. For a more detailed discussion of the spectrum of
the two and three dimensional harmonic oscillator containing
two electrons, we refer to Zhuet al.15 and Drouveliset al.16

At finite d > 0 the rotational symmetry is broken and cor-
respondingly the first excited doubly degenerate triplet level
split, with one level gradually decreasing in energy towards
the singlet ground state energy, and becoming virtually degen-
erate with it at large inter-dot distances. This gives rise to a
ground state energy band. In Table III we list the 32 lowermost
states in groups ford = 80 nm. Above the nearly degenerate
ground state level there is a group of 8 excited states that are
seen to constitute a narrow band of singlet and triplet states
for large inter-dot distances. The energy spacing between the
ground state band and the second band is seen to be of the
order~ω.

In Fig. 4 the configuration interaction (CI) one-electron
probability density,ρ(r1) =

∫

d2r2|Ψ(r1, r2)|2, is shown for
the 10 lowest states atd=80 nm and~ω = 3 meV. These are ob-
tained from a straightforward analytical integration (to unity
or zero) of the basis multiplied with the relevant weight of
each eigenvector component. The ground states are domi-
nantly described by combinations of two ground states of each
harmonic oscillator, representing one electron in each well.
The states of the excited band is seen to consist of combina-
tions of dipolar two-center states oriented parallel or perpen-
dicular to the inter dot direction. Very little difference in shape
of the singlets vs. triplets are observed. The energy ordering
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FIG. 3: Energy spectrum as a function ofd for the two lowest band of
states and for varying confinement strengths~ω. Full lines: Singlet
states. Broken lines with crosses: Triplet states.

FIG. 4: CI single-particle electron probability density distributions
for the two lowest energy bands atd = 80 nm. Singlet states are
in the left column, triplets in the right. The states are ordered with
energies increasing from top to bottom.

is however different between the singlets and the triplets.
The up-building of the two lowest bands at larged’s are

readily understood in terms of a Heitler-London ansatz: The
two states in the first band are constructed from the spatially
symmetric and antisymmetric combinations of single-electron
ground states in each well,

Ψ±(r1, r2) ∝ φ00(r1L)φ00(r2R)±φ00(r2L)φ00(r1R), (24)

forming so-called covalent states. The subscripts on the vec-
tors refer to particle number and well, i.e.riL = ri + 1

2d

andriR = ri − 1
2d, i = 1, 2. The energy of these two states

is asymptotically given asE0 = 2~ω + e2

4πǫrǫ0
1
d , since the

exchange energy will vanish, and the wave function in each
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well becomes point-like when observed from the other well.
Within this model the contribution from the Coulomb energy
amounts to about1.5 meV at80 nm and the total energy would
then be7.5 meV for a~ω = 3 meV double dot. Thus this sim-
ple model generates an energy within 3% of the CI energy of
7.3 meV (see Table III). Such a model of the two lowest en-
ergy states was also considered by Wensauer et al.,9 where
the energy expectation value was calculated using perturba-
tion theory.

Continuing the procedure of Eq. (24), we now build up the
states in the second band from excited two-center harmonic
oscillator states, with one electron located in each dot,

φij(r1L)φkl(r2R), (25)

where one ofi, j, k, l is equal to one, and the others zero.
These product states are combined to yield correctly sym-
metrized wave functions, with even or odd parity. This gives
rise to totally 8 different states, of which 4 are singlets and 4
are triplets. For example, the first excited singlet state inthe
energy spectrum, which has odd parity, would be

Ψ(r1, r2) ∝ φ10(r1L)φ00(r2R) + φ00(r1L)φ10(r2R)

+ φ10(r1R)φ00(r2L) + φ00(r1R)φ10(r2L),(26)

with the energy asymptotically given byE = 3~ω + e2

4πǫrǫ0
1
d .

In Fig. 5 the CI one-electron probability density is exposed
in more detail for the first excited singlet state (left column,
second row) of Fig. 4. Also shown is the corresponding one-
electron density correspond to the ansatz state of eq. 26, as
well as one-dimensional slices, or conditional densities11 of
the respective wavefunctions. These are produced by finding
maxima of the wavefunction, and evaluating it there for all but
one degree of freedom. The two curves in panels 3 and 4 de-
pict one out of four maxima in the wavefunction, evaluated for
both electrons. The overall agreement between the model and
the CI densities are in general very good. This is also the case
for any of the other states of the first excited band. We clearly
see that the two electrons indeed occupy separate wells. In ad-
dition we observe in the CI figure a small probability for the
electrons to be situated in the same well, a feature not present
in the model figure.

In contrast to the two lowest bands, the third band contain-
ing two singlet states has a high probability of having both
electrons in the same well, forming so-called ionic states.The
energy of these states will, with increasing inter-dot distance,
converge towards the single dot two-electron ground state.
When considering higher bands, we see that the situation be-
comes more complex which is due to the fact that the states
approach the cusp energy and thus are a complex mixture of
states with two electrons in a single well and one electron in
each well. At even higher energies far above the cusp, the
spectrum will gradually approach the level structure of a sin-
gle harmonic oscillator.16

The present results can be compared to previous studies
with spin-density functional theory (SDFT).9 For larger dot
separations the results obtained there differ from those pre-
sented here; the band structure found here cannot be inferred

CI:

Model:

CI:

Model:

FIG. 5: The CI one-electron probability density exposed in more de-
tail for the state of the left column, second row of Fig. 4. Also shown
is the corresponding one-electron density of the Heitler-London
model. The lower panels shows the conditional densities of each
electron and their positioning relative to the potential (dotted line).
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from the results in Ref.9 and in addition the SDFT calcula-
tion yields a triplet ground state for dot separations larger than
∼ 45 nm while the present ground state is of the expected sin-
glet symmetry for all distances. It is argued in Ref.9 that the
polarized ground state is an artefact of the self energy within
the the SDFT scheme, i.e. that it stems from the unphysical in-
teraction of a single electron with its own Coulomb field. Ac-
cording to the results shown in Fig. 3 and Fig. 4 of Ref.9 this
affects the long range energies of a~ω = 3 meV double dot at
least on the1 meV level. The approximate exchange and cor-
relation used in DFT calculations is apparently not enough to
ensure correct separation energies of the two dots, and the fact
that the band structure is not found in Ref.9 is thus probably
due to this deficiency.

An interesting aspect is to what extent the present band
structure is general for all two-center potentials, and whether
for example quadratic or exponential double well potentials
also will reproduce similar up-building. This is a relevantis-
sue with respect to the very simple level structure behind the
modeling applied by Pettaet al.2

B. Structure with electromagnetic fields

The response of the electronic structure and dynamics
to magnetic fields has been studied in a number of recent
works.5,10,11,24We show in Fig. 6 the lowest part of the energy
spectrum as a function of magnetic field strength for three dif-
ferent values ofd. The upper figure ford = 0 shows virtu-
ally identical results with Helleet al.,11 and also the singlet-
triplet ground state transition at aroundB = 2 T, which was
pointed out by these authors. In addition we note the strong
variation of the energy levels with magnetic field strength fol-
lowing from the competition between the linear (Zeeman) and
quadratic (diamagnetic) terms in Eq. (2): For strong enough
field strengths the diamagnetic term gives rise to a linear in-
crease in the energy as it modifies the effective confinement
strengthω →

√

ω2 + [eB/(2m∗)]2. At weak fields the Zee-
man term dominates which effectively modifies each state en-
ergy by e~B

2m∗
M . Thus states with negative (positive)M quan-

tum number decrease (increase) in energy with increasing B
field which in total leads to a series of (avoided) crossings un-
til the diamagnetic term becomes significant.

In the middle and lower part of the panel we plot the energy
spectrum ford = 30 andd = 60 nm. At these distances the
Zeeman term is less pronounced, since angular momentum is
not conserved. Each state consist of several angular momen-
tum components which contribute differently to the energy
and tend to wash out a strong dependence. However, the states
of the first excited band groups has a positive or negative angu-
lar momentum expectation value. Thus the 8 state band split
into two sub-bands each containing 4 states. The band struc-
ture is however not destroyed by the magnetic field and thus,
in some sense, magnetic effects are less pronounced at large
inter dot distances than at small. At higher field strengths the
diamagnetic term is seen to cause an increase in energy for all
levels, but level ordering is determined by the Zeeman term.

Several recent experiments2,8 apply electric fields to guide
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FIG. 6: Energy spectrum as a function ofB, for interacting electrons,
with d = 0 nm (upper)d = 30 nm (middle) andd = 60 nm (lower).
~ω = 3 meV in all panels. Full lines: Singlet states. Full lines with
crosses: Triplet states.
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FIG. 7: Energy spectrum as a function of electric field strength E

for the two interacting electrons withd = 0 nm (top),d = 30 nm
(middle) andd = 60 nm (bottom). The confinement strength~ω = 3

meV in all panels. Full lines: Singlet states. Full lines with crosses:
Triplet states.

the electron loading into one of the dots as well as to steer
the electron between selected quantum states. In this context,
controlled dynamics requires understanding of the nature of
the time evolution of the quasi-adiabatic states and potential
avoided crossings with respect to the switching times,24 as
well as various couplings to the environment, such as spin-
spin coupling between the electron spins and the∼ 106 nu-
clear spins from the surrounding material, typically GaAs.2

In Fig. 7 we display the energy spectrum as a function of
electric field strength for an electric field directed along the
inter-dot axis. For all panels we observe a non-degenerate sin-
glet state as ground state for large fields since the Pauli prin-
ciple prevents a two-electron one-center triplet ground state.
At d = 0 (top panel) the electric field is seen to only shift
the spectrum up or down, i.e. the energy differences between
states are not influenced by the electric field. At larger inter-
dot distances the situation, in contrast to the magnetic case,
becomes more complex. The bottom of both potential wells
will now be shifted spatially and changed in energy. One will
be lifted and shifted towards the origin, while the other is
lowered and shifted away from the origin, depending on the
sign of the electric field. When the electric field becomes very
strong, there will in effect be only one well centered far away
from the origin. Consequently, the spectrum approaches that
of two interacting electrons in a single harmonic oscillator po-
tential. This can be seen by comparing the lowest panel in Fig.
7 with Fig. 3.

As an example we plot in Fig. 8 the single-particle elec-
tron probability density for the lowest singlet state atd = 60
nm for selected field strengths. Around|E| ∼ −0.1 mV/nm
(upper panel) the electronic density distribution is seen to be
localized in one of the wells. AtE = −0.05 mV/nm (middle
panel) we see a small fraction of the density occupying the
second well. Finally (bottom) a fully delocalized two-center
state is shown forE = 0. The transition from a one-well
state to a two-center state goes through a single or a series
of avoided crossings. In experiments where an initial electric
field is applied to load two electrons into a single-well ground
state, followed by a fast switch of the field, there may thus be
a sizable probability for transfer from the lowest to the first
excited singlet state while the system traverses avoided cross-
ings. The part of the system which follows the ground state
is shown by Pettaet al.2 to mix strongly with the triplet state
through spin-spin couplings with the surrounding nuclei. By
alternatively applying electromagnetic switches which guide
the system via diabatic transitions, the singlet-triplet mixing
may be suppressed.

IV. CONCLUDING REMARKS

In the present paper we have developed a new method for
diagonalizing the Schrödinger equation of two electrons in a
parabolically confined two-center quantum dot. The method
is verified by comparison with related basis set and grid-based
calculations. The particular analytical properties of theCarte-
sian basis method allow for rapid and accurate calculation of
energy spectra of the quantum dot two-center system with ba-
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sis sizes above 50 000 states.
Diagonalization of the Hamiltonian for increasing well sep-

aration shows that above the degenerate singlet and triplet
ground states there is a narrow band of 4 singlet and 4 triplet
states. The energy spacing between the ground state and the
first excited band scales directly with the confinement strength
of each quantum well. From symmetry considerations this
structure is expected for any two-dimensional two-center po-
tentials which are asymptotically spherical and with similar
relative strength of the electron-electron interaction. Calcu-
lations of the energy levels for large inter-dot distances in the
presence of magnetic fields show that this band structure dom-
inates for any magnetic field strength. In contrast, an electric
field parallel to the inter-dot direction results in strong level

mixing and the transition from a localized ”ionic” state to aco-
valent state occurs in a narrow range of electric field strengths.
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TABLE I: Ten lowest energy levels (given in meV), azimuthal quantum number and total spin for the confinement strength~ω = 3 meV,
d = 0 andB = 0.

Energy [meV] State

Cartesian basis cylindrical basis ML S

11.155 11.147 0 0

12.408 12.407 1 1

12.408 12.407 -1 1

14.158 14.149 1 0

14.158 14.149 -1 0

14.682 14.681 2 0

14.682 14.681 -2 0

15.409 15.407 -2 1

15.409 15.407 2 1

15.408 15.407 0 1

TABLE II: Twelve lowest energy levels (given in meV), azimuthal quantum number and total spin for the confinement strength ~ω = 3 meV,
d = 0 andB = 3 T. At this field strength the total spin is still an approximately good quantum number and each state can be assigned a
specific total spin.

Energy [meV] State

Cartesian basis cylindrical basis ML S

13.262 13.261 -1 1

13.774 13.740 -2 0

14.063 14.052 0 0

14.635 14.634 -2 1

14.670 14.670 -3 1

15.147 15.146 -3 0

15.440 15.427 -1 0

15.732 15.732 -4 0

16.009 16.007 -3 1

16.043 16.042 -4 1

16.520 16.519 -4 0

16.817 16.803 -2 0

TABLE III: Energy levels (given in meV) and spin (in parenthesis) of the 32 lowest states ford = 80 nm and~ω = 3 meV, grouped into five
bands

Band number energy(spin)

1 7.3127(0) 7.3124(1)

2 10.253(0) 10.253(1) 10.313(0) 10.313(1)

10.376(0) 10.404(1) 10.507(0) 10.530(1)

3 11.240(0) 11.245(0)

4 12.413(1) 12.416(1) 12.417(1) 12.450(1)

5 13.205(0) 13.205(1) 13.253(0) 13.253(1)

13.313(0) 13.313(1) 13.331(0) 13.354(1)

13.377(0) 13.403(1) 13.425(0) 13.442(1)

13.508(0) 13.530(1) 13.515(0) 13.672(1)
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FIG. 8: (color online). Single-particle electron probability density
for three different electric field strengthsE = −0.08 mV/nm (top),
E = −0.06 mV/nm (middle) andE = 0 (bottom). The confinement
strength~ω = 3 meV, andd = 60 nm.
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